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Recent restricted primitive model Monte Carlo simulations (Takamichi Terao, Mol. Phys. 119, e1831634,
2020) have suggested the possibility of observing the phenomenon of charge inversion in highly concen-
trated monovalent salts, in which ionic specific adsorption is absent. By using the non-linear Poisson-
Boltzmann equation supplemented by a hard-spheres contribution, integral equations theory, and
Monte Carlo simulations, the associated mean electrostatic potential, maximum charge reversal and
capacitive compactness are studied here. The main finding of this study is the observation of a local inver-
sion of the mean electrostatic potential in a region bounded by one and three ionic radii measured from
the macroions’s surface. If the zeta potential is located in this region, the above result suggests the possibility
of observing an inversion of the macroion’s electrophoretic mobility, driven by 1:1 aqueous electrolytes in the
absence of ionic specific adsorption. On the other hand, the maximum charge reversal and the capacitive
compactness increases and decreases montonically, respectively, as a function of the ionic volume frac-
tion when the salt concentration and/or the ionic size of the aqueous electrolytes increase.

� 2022 Elsevier B.V. All rights reserved.
1. Introduction

Colloidal suspensions of charged fluids are relevant in techno-
logical applications in which small charged particles are under
the influence of the electric field produced by large macroions.
The cloud of ions that appears around macroions in such a scenario
is the so-called electrical double layer. The properties of the electri-
cal double layer determine important physicochemical properties
of charged solutions such as the corresponding colloidal stability,
the flocculation behavior of the suspension and/or the effective
charges of the macroions [1–3]. Experimentally, these properties
can be measured via light or X-ray scattering, or via electrophoresis
measurements. On the other hand, one interesting phenomenon
that has been observed since the last century is the charge inver-
sion [4], which is the inversion of roles of counterions and coions
near a charged surface, that is, when charge inversion occurs it is
possible to observe local spatial regions where the ionic density
of coions is larger than that of counterions [5]. As a result, the
net charge of a surface exposed to solution reverses polarity locally
due to an excess of counterions accumulating in the immediate
vicinity of the surface, which is the so-called charge reversal in col-
loidal systems immersed in aqueous electrolytes [5–9] or the so-
called overscreening ocurring near a charged electrode next to an
ionic liquid [10–12]. Charge inversion has been observed experi-
mentally in the presence of aqueous multivalent counterions
[13,14], numerically via simulations and theory of the electrical
double layer of monovalent salts with different ionic radius (due,
e.g., to different ionic hydration and distinct bare ionic size in gen-
eral) [4,15–17], and experimentally when ionic specific adsorption
is present [1,2]. In the first two instances, that is, in the absence of
ionic specific adsorption, ionic excluded volume effects and ion
correlations play an fundamental role in the appearance of charge
inversion and charge reversal, which are not predicted by the clas-
sical non-linear Poisson-Boltzmann theory. An additional conse-
quence of the appearance of charge inversion and charge reversal
is the occurrence of a local inversion of the mean electrostatic
potential near the surface of a macroion [4]. In this context, Terao
has shown recently via Monte Carlo simulations [20] that there is a
critical salt concentration at which the density of both coions and
counterions start displaying a maximum at their closest approach
distance to the macroion’s surface, which is the so-called Helm-
holtz plane. This behaviour is not predicted by the classical non-
linear Poisson-Boltzmann theory of point-ions, in which counteri-
ons tend to be in excess and coions in deficit near a colloidal
charged surface due to the electrostatic attraction and repulsion
between charges of different and equal signs, respectively, accord-
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ing to the Coulomb law. Even more interesting it is Terao’s obser-
vation of the phenomenon of charge inversion in the absence of
multivalent counterions, ionic size-asymmetry in 1:1 salts, and/
or ionic specific adsorption [20]. Thus, in this study it is proposed
to use the non-linear Poisson-Boltzmann equation supplemented
by a term representing the necessary work to bring an uncharged
ion from infinite to a distance r (where r is the distance between
a point in the three-dimensional space and the center of the spher-
ical macroion), when both the macroion and the electrolyte are
neutral. In such a scenario, the ionic excluded volume effects are
taken into account partially even though full ion correlations are
not included. A more consistent theoretical framework can be pro-
vided via integral equations theory in the Hypernetted chain/Mean
spherical approximation (HNC/MSA) approach, which has been
able to reproduce quantitatively and qualitatively primitive model
simulations of charged systems in a wide variety of situations
[4,15,17]. Thus, several theoretical approaches and Monte Carlo
simulations have been used here to study the influence of the ionic
excluded volume effects and ion correlations on the appearance of
a critical salt concentration at which the density of both coions and
counterions start displaying a maximum at the Helmholtz plane, as
well as the occurrence of the phenomena of charge inversion,
charge reversal, and a local inversion of the mean electrostatic
potential as a function of the ionic size and the salt concentration
of 1:1 aqueous electrolytes.

The remainder of this paper is organised as follows. In Section 2,
the primitive model of a macroion immersed in a concentrated
monovalent electrolyte is described, as well as the theoretical
and simulation approaches used. In Section 3, theoretical and sim-
ulation results of the electrostatic screening at high salt concentra-
tions and different ionic sizes are shown and discussed. Finally, in
Section 4 some concluding remarks are given.

2. Model system, theories and simulations

2.1. Model system

In this study, we consider an spherical macroion with radius
RM ¼ 20 Å (except in Figs. 1(d) and 1(h), where a macroion with
radius RM ¼ 40 Å is also considered) and valence ZM , immersed in
a binary size-symmetric electrolyte with radius aþ ¼ a� ¼ a and
valence zþ ¼ �z� ¼ 1. An homogeneous surface charge density
r0 6 0 is considered in all cases. As a result, counterions and coions
of the bare macroion are cations and anions, respectively. The
hypothesis of a constant surface charge density r0 is an approxi-
mation that allow us to replace the electrostatic potential pro-
duced by a charge distribution on the colloidal surface by the
electrostatic potential produced by a point charge located at the
macroion’s center with a valence ZM ¼ ðr04pR2

MÞ=e, where e is
the proton charge, according to Gauss’s law. Experimentally, the
colloidal charge is not distributed uniformly over the colloidal sur-
face but at discrete points. However, in such a scenario, it is
expected that the charge reversal, charge inversion, and the inver-
sion of the mean electrostatic potential promoted by ion correla-
tions be also present. The whole system is immersed in a
continuum solvent with dielectric constant � ¼ 78:0 at a tempera-
ture T ¼ 300 K. In the presence of full ion correlations, i.e., for
Monte Carlo simulations and integral equations theory in the
HNC/MSA approximation, all ionic species are treated as equally-
sized hard spheres with point charges in their centers, which con-
stitute the so-called restricted primitive model. In such an
approach, the interaction potential between an ion i and an ion j
can be written as:
2

uijðrijÞ ¼
1; if rij < 2a;
zizje

2

4pe0�rij
; if rij P 2a;

(
ð1Þ

where rij ¼ jri � rjj; e is the proton charge, and e0 is the vacuum per-
mittivity. The interaction potential between the spherical macroion
M and an ion j can be written as:

uMjðrMjÞ ¼
1; if rMj < RM þ a;

ZMzje
2

4pe0�rMj
; if rMj P RM þ a;

8><
>: ð2Þ

where rMj ¼ jrM � rjj.
The primitive model incorporates ionic excluded volume effects

and ion correlations in a consistent coarse grained approach. In the
non-linear Poisson-Boltzmann theory ions have the same closest
approach distance to the surface of the macroion, which defines
the Helmholtz plane, located at r ¼ RM þ a.

2.2. The non-linear Poisson-Boltzmann equation

The non-linear Poisson-Boltzmann equation for the local mean
electrostatic potential can be expressed in terms of the ionic pro-
files next to the spherical macroion. On the other hand, the nor-
malized ionic profile giðrÞ of the species i in spherical geometry is
related to the ionic potential of mean force WiðrÞ:
qiðrÞ ¼ qbulk

i giðrÞ ¼ qbulk
i e�WiðrÞ=kBT ; ð3Þ

where kB is the Boltzmann constant and T is the absolute tempera-
ture of the system. The potential of mean force is the necessary
work required to bring a charged particle from infinite to a distance
r, where r is the distance between a point in the three-dimensional
space and the center of the spherical macroion. As a first approxi-
mation, the potential of mean force of an ion i can be equated to
the electrostatic energy WiðrÞ ¼ e0ziWðrÞ, where e0 is the protonic
elementary charge, zi is the valence of the ion i andWðrÞ is the mean
electrostatic potential due to the charged surface and the elec-
trolyte. If such approximate ionic profiles, formulated in terms of
the mean electrostatic potential, are substituted in the Poisson
equation, r2WðrÞ ¼ �qelðrÞ=ðe0eÞ, then the non-linear Poisson-
Boltzmann equation is obtained

r2WðrÞ ¼ � 1
e0�

X
i

qbulk
i zie0 exp � e0ziWðrÞ

kBT

� �
: ð4Þ
2.3. Hypernetted-chain/Percus-Yevick (HNC/PY) hard spheres
contribution

In order to include partially ionic excluded volume effects, we
propose to start with the electrostatic energy e0ziWðrÞ resulting
from the non-linear Poisson-Boltzmann equation (given by the
Eq. 4) to add, afterwards, the potential of mean force between an
ion uncharged and the macroion uncharged when each ionic spe-
cies of the electrolyte is also neutral (that is, when
z� ¼ zþ ¼ ZM ¼ 0), which can be written as

WNLPB�HNC=PY
i ðrÞ ¼ e0ziWðrÞ þ UHNC=PY ðrÞ; ð5Þ

where UHNC=PYðrÞ is obtained as a limit case of the HNC/MSA integral
equations theory as described below. This approximation is the
non-linear Poisson-Boltzmann (NLPB) theory supplemented by a
hard sphere contribution HNC/PY to give the NLPB-HNC/PY approx-
imation. In the HNC/PY approximation, the ionic distribution of
hard spheres is given by

qHNC=PYðrÞ ¼ qbulk
HNC=PY

h i
gHNC=PYðrÞ ¼ qbulk

HNC=PY

h i
e�UHNC=PY ðrÞ=kBT ; ð6Þ



Fig. 1. Radial distribution functions of a monovalent electrolyte of radius a ¼ 2:0 Å around a macroion of radius RM for three salt concentrations: 1.1, 3.0 and 6.3 M. ZM ¼ �20
for RM ¼ 20 Å, and ZM ¼ �80 for RM ¼ 40 Å. Symbols are Monte Carlo results reported by Terao in Ref. [20], solid lines correspond to the NLPB-HNC/PY theory and dashed lines
are associated to the HNC/MSA theory.
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In this case, the subindex i has been dropped because all hard
spheres associated to the neutral electrolyte are indistinguishable
among them, and their density is measured regarding its distance
to the center of the spherical uncharged colloid. Given that
gHNC=PYðrÞ ¼ e�UHNC=PY ðrÞ=kBT ;UHNC=PYðrÞ is calculated from integral
equations theory in the presence of the macroion and the elec-
trolyte when all species are neutral (that is, when
3

z� ¼ zþ ¼ ZM ¼ 0) via the Ornstein-Zernike equation by using the
hypernetted-chain (HNC) and Percus-Yevick (PY) closures as
described in the following subsection.

Notice that the NLPB-HNC/PY prescription to include ionic
excluded volume effects is analogous in spirit to one limit of the
exclusion volume term function, fijðrÞ, proposed by Outhwaite
et al. in his Modified Poisson-Boltzmann (MPB) theory, for a binary
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electrolyte modelled in the restricted primitive model [18]. Specif-
ically, in that work it was proposed that one very simple approxi-
mation for the exclusion volume term was to equate it to the
Percus-Yevick uncharged hard sphere radial distribution function,
i.e., fðrÞ ¼ gPYðrÞ. In terms of integral equations, this would corre-
spond to solve the Ornstein-Zernike equations using the Percus-
Yevick closure consistently (at the level of the direct correlation
function in the Eq. 7, which discussed in the following section),
in order to obtain the corresponding radial distribution function
gPYðrÞ in the PY/PY approximation. In the case of a binary elec-
trolyte, Outhwaite et al. mentioned that ‘‘At low concentrations
the approximation fðrÞ ¼ gPYðrÞ overestimates fðrÞ near contact
because of the neglect of ion correlations. However, in most situa-
tions in the electrolyte solution regime this has a negligible effect
on the thermodynamic and structural properties.” [18]. In this
work, we study electrolyte systems in the opposite regime, that
is, when the salt concentraion is high.

2.4. Integral equations theory

The Ornstein-Zernike equations describing the ionic cloud
around a single spherical macroion can be written as

hMjðrÞ ¼ cMjðrÞ þ
X
k¼�;þ

qk

Z
hMkðtÞckjðj~r �~tjÞdV ; ð7Þ

for j = +, �, where hMjðrÞ are the total ionic correlation functions,
gMjðrÞ are the ionic radial distribution functions, and they are
related via hMjðrÞ ¼ gMjðrÞ � 1. The direct correlation functions
between ions and the spherical colloid are specified by using the
hypernetted-chain (HNC) closure
cMjðrÞ ¼ �buMjðrÞ þ hMjðrÞ � ln½hMjðrÞ þ 1�. If
ckjðj~r �~tjÞ ¼ �bðzkzje20Þ=ð4pe0�j~r �~tjÞ is employed in the right-hand
side of Eq. 7, the integral equations version of the non-linear
Poisson-Boltzmann theory is then obtained [19]. If the ckjðj~r �~tjÞ
are approximated by the bulk direct correlation functions obtained
from the mean spherical approximation (MSA) then the HNC/MSA
integral equations theory is obtained [4,15]. If z� ¼ zþ ¼ ZM ¼ 0 in
the HNC/MSA integral equations theory, the ckjðj~r �~tjÞ are approxi-
mated by the bulk direct correlation functions obtained from the
Percus-Yevick closure, that is, the HNC/PY integral equations theory
for hard spheres is obtained.

2.5. Monte Carlo simulations

Monte Carlo simulations of the spherical electrical double layer
have been performed in a cubic simulation box in the canonical
ensemble under periodic boundary conditions. The spherical
charged colloid has been placed in the center of the simulation
box and has been not allowed to move. Ewald sums with conduct-
ing boundary conditions have been used to take into account cor-
rectly the long-range behaviour of Coulomb interactions. The
damping constant is a ¼ 5=L, with L the length of the cubic simu-
lation box. 725 vectors in the k-space have been employed to com-
pute the reciprocal space contribution to the Coulomb energy
[4,15]. If we denote Nþ and N� as the number of cations and anions
in the simulation box, respectively, the electroneutrality condition
imposed in our simulations is given by ZM þ Nþzþ þ N�z� ¼ 0. For
the equilibration process 5� 105 Monte Carlo cycles have been
performed. Between 1� 106 and 2� 106 Monte Carlo cycles have
been carried out to calculate the canonical average of the systems,
depending on the electrolyte concentration. Notice that in the
work performed by Terao [20] isotropic approximations to Ewald
sums based on Kubic Harmonics have been used to take into
4

account properly long-range electrostatic interactions, whereas
full Ewald sums were performed in this work. Monte Carlo simula-
tions in Terao’s work and in this study seem to be equivalent
according to the data displayed in Figs. 2 and 4. Some details
regarding typical running times, total number of charged particles,
and absence of size effects due to the size of the simulation box are
discussed in the Supplementary Material.

2.6. Some electrostatic properties of the electrical double layer in
spherical geometry

The integrated charge, electric field, and mean electrostatic
potential can be written for the NLPB-HNC/PY and HNC/MSA inte-
gral equations theories, and Monte Carlo simulations as [23]

PðrÞ ¼ ZM þ
X
i¼þ;�

Z r

0
ziqbulk

i gMiðtÞ4pt2dt; ð8Þ

EðrÞ ¼ e0
4pe0�

PðrÞ
r2

; ð9Þ

WðrÞ ¼
Z 1

r
EðtÞdt: ð10Þ

Another useful quantity to characterize the thickness of the
electrical double layer is the capacitive compactness. This idea
was proposed by Enrique Gonzalez-Tovar in 2004 to explain an
anomalous curvature inversion of the mean electrostatic potential
observed at the Helmholtz plane of a spherical macroion, as a func-
tion of its colloidal surface charge density, when the macroion was
bathed by a 1:1 or a 2:2 size-symmetric aqueous electrolyte [22].
Since then, the capacitive compatcness has proven to be a versatile
concept that allow us to characterize the spatial extension of the
electrical double layer in charged soft condensed matter systems
[21,23–27]. The main idea behind the capacitive compactness is
to define an effective electrical double layer capacitor associated
to a single charged colloidal particle neutralized by a Coulombic
fluid. In such a scenario, the separation distance between the real
electrode (associated to the charged colloidal particle) and the
effective electrical double layer electrode (associated to the cen-
troid of the diffuse ionic charge) is the so-called capacitive com-
pactness [21,23]. In the limit of zero colloidal charge, the
capacitive compactness measured from the Helmholtz plane
reduces to the Debye length according to the linearized Poisson-
Boltzmann or Debye-Hückel theory of point-ions, in planar and
spherical geometries [23,27]:

sDHc ¼ 1
jD

¼ kD; ð11Þ

where

jD ¼

X
i

qbulk
i z2i e

2
0

e0�kBT

0
B@

1
CA

1
2

¼ 1
kD

; ð12Þ

and kD is the Debye length. As a result, and according to this formal-
ism, the capacitive compactness is always located beyond the
Helmholtz plane given that jD is always a positive quantity if the
concentration of the electrolyte is different from zero. One advan-
tage of the capacitive compactness over the Debye length is that
the former allow us to include important characteristics typical of
Coulombic fluids, such as the colloidal charge, ionic excluded vol-
ume effects, ion correlations, image charge or polarization effects,
specific ionic adsorption, etc. In spherical geometry, the capacitive
compactness is defined as [22,27]:



Fig. 2. Integrated charge and mean electrostatic potential associated to a monovalent electrolyte of radius a ¼ 2:0 Å around a macroion of valence ZM ¼ �20 and radius
RM ¼ 20 Å. Symbols are Monte Carlo results reported by Terao in Ref. [20], solid lines correspond to the NLPB-HNC/PY theory, dashed lines are associated to the HNC/MSA
theory, and dot-dashed lines correspond to Monte Carlo simulations performed in this work.
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sc ¼ 1
RM

� 4pe0�
W0

e0ZM

� ��1

; ð13Þ
where W0 is the mean electrostatic potential at the macroion’s sur-
face, i.e., at r ¼ RM .

Integral equations theory has been solved using an efficient
iterative Picard scheme [16], which allowed us to generate the
NLPB-PY and HNC/MSA results.

Note that at high electrolyte concentrations, the non-linear
Poisson-Boltzmann theory break-downs because allows to adsorb
an arbitrary number of counterions on the colloidal surface. One
of the most simple routes to overcome this problem has been to
include the entropy associated to the ions and the solvent, which
constitutes the so-called Bikermann model [28]. Other approaches
have been proposed to connect the equation of state for any refer-
ence uncharged fluid (such as the Carnahan-Starling or the
Boublík-Mansoori-Carnahan-Starling-Leland state equations for
hard spheres) with the non-linear Poisson-Boltzmann theory,
keeping the electrostatics at a mean-field level but taking into
account consistently the packing effects [29]. The proposed
NLPB-HNC/PY theory is at the same level of these previous theo-
ries, in which the ionic excluded volume effects are effectively
incorporated via a state equation at the level of Percus-Yevick. In
spite of their simplicity, these mean field approaches have been
able to predict the parabolic to camel-shape transition of the dif-
ferential capacity, which is absent in the classical non-linear
Poisson-Boltzmann theory. Another successful mean-field treat-
ment that has been proposed in recent years in the context of ionic
liquids is one based on a Landau-Ginzburg-like functional for the
total free energy [10], which is able to predict the phenomenon
of charge reversal or overscreening. Recently, this approach has
been connected to the Carnahan-Starling equation of state, dis-
playing a good qualitative agreement regarding repulsive-core
primitive model simulations [11]. Thus, this last theory seems to
be equally predictive regarding the HNC/MSA integral equations,
considering that both schemes are able to predict charge inversion
5

and charge reversal due to ion correlations and ionic excluded vol-
ume effects.
3. Results and discussion

In Fig. 1, the radial distribution functions predicted by Monte
Carlo simulations [20] are collated with data obtained from the
NLPB-HNC/PY and HNC/MSA integral equation theories for several
salt concentrations. Here, it is observed that the NLPB-HNC/PY
approximation, which does not include ion correlations, it was able
to display the maxima predicted by Monte Carlo simulations of
both coions and counterions at the closest approach distance
between ions and the macroion’s surface, or Helmholtz plane, as
well as the appearance of oscillations of the radial distribution
functions. These oscillations become more conspicuous when the
bulk salt concentration increases (see, e.g., Figs. 1(a)-(c)). On the
other hand, it is observed that the NLPB-HNC/PY approximation
has failed to display the charge inversion, or the role inversion of
cations as counterions and coions as anions, predicted by Monte
Carlo simulations. This illustrates that even though ionic excluded
volume effects are very relevant to predict maxima for the radial
distribution functions of both coions and counterions at the Helm-
holtz plane, as well as ionic density oscillations, the absence of
charge inversion in the NLPB-HNC/PY confirms that ion correla-
tions are crucial to the occurrence of this phenomenon if equally
sized monovalent ions are present. On the other hand, HNC/MSA
integral equations theory exhibits a qualitative agreement regard-
ing Monte Carlo simulations, displaying maxima for the radial dis-
tribution functions of both coions and counterions at the
Helmholtz plane, ionic density oscillations, and charge inversion.
Note that the oscillatory behaviour of the ionic profiles in concen-
trated electrolyte solutions originates from the competition
between local packing effects and long-range Coulomb interac-
tions, as it has been documented in previous works, see, e.g., Refs.
[30–33]. On the other side, the maxima of the radial distribution
functions of both coions and counterions at the Helmholtz and
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the charge inversion are enhanced if the macroion radius increases,
as shown in Figs. 1(g)-(h), according to Monte Carlo simulations
and the HNC/MSA integral equations theory.

In Figs. 2(a)-(d), the integrated charge associated to Monte Carlo
simulations and data obtained from the NLPB-HNC/PY and HNC/
MSA integral equation theories is portrayed. Here, it is seen that
the HNC/MSA integral equation data display a good agreement
regarding Monte Carlo simulations showing the phenomenon of
charge reversal, which is the sign inversion of the local integrated
charge regarding the sign of the macroion’s bare charge. The
absence of charge reversal associated to the NLPB-HNC/PY data is
consistent with the lack of charge inversion displayed in Figs. 1(-
a)-(d) in all instances. In Figs. 2(e)-(f), the mean electrostatic
potential curves associated to Figs. 2(c)-(d), respectively, are dis-
played. Here, Monte Carlo simulations show a local inversion of
the mean electrostatic potential in a spatial region bounded by
one and three ionic radii measured from the macroion’s surface,
that is, RM þ a 6 r 6 RM þ 3a approximately. This behaviour is also
predicted by the HNC/MSA integral equations theory, displaying a
semi-quantitative agreement with Monte Carlo data. The charge
reversal and the mean electrostatic potential are slightly overesti-
mated by the HNC/MSA integral equation data.

The mean electrostatic potential at the Helmholtz plane, wH , is
conventionally associated to the zeta potential [1,2], which is
defined as the mean electrostatic potential at the slipping plane
in electrophoresis experiments. The exact location of the zeta
potential at the slipping plane is not known usually a priori from
first principles. However, it is known that it is located generally
very close to the colloidal surface. Therefore, from the above
results, if the experimental zeta potential is located between the
Helmholtz plane and three ionic radii measured from the macro-
ions’s surface, a local inversion of the mean electrostatic potential
suggests the possibility of observing an inversion of the macroion’s
Fig. 3. Mean electrostatic potential at the Helmholtz plane located at rH ¼ RM þ a, as a fu
macroion are ZM ¼ �20 and RM ¼ 20 Å, respectively. Symbols and lines correspond to Mo
The statistical uncertainties of Monte Carlo simulation results are smaller than the symb
1.75, 1.9. 2.0 and 2.1 Å, respectively.

6

electrophoretic mobility, driven by highly concentrated 1:1 aqueous
electrolytes in the absence of ionic specific adsorption.

In Fig. 3, the behaviour of the mean electrostatic potential at the
Helmholtz plane wH , as a function of the ionic radius and the salt
concentration, is displayed according to Monte Carlo simulations
and HNC/MSA integral equations theory. Here, it is observed that
the sign of wH changes from a negative value (that is the sign asso-
ciated to the bare charge of the macroion) to a positive value for
several ionic radius at very high salt concentrations. In this regime,
it is possible to observe an augment of the magnitude of the
inverted mean electrostatic potential at the Helmholtz plane as a
function of the ionic radius in concentrated salts. Thus, the local
inversion of the mean electrostatic potential at the Helmholtz
plane is promoted by the augment of the ionic volume fraction
when ion correlations are present.

The location of the slipping plane depends on many factors such
as the chemical composition of the colloidal surface, the hydropho-
bicity or hydrophilicity of ions, the specific ionic adsorption, etc. In
the current model, these features are not included. However, it is
foreseen that they should enhance the charge reversal, charge
inversion, and the inversion of the mean electrostatic potential
promoted by ion correlations and ionic excluded volume effects
already observed in the minimalistic primitive model used. From
a numerical point of view, an equilibrium theoretical approach that
be able to capture charge reversal or overscreening [10–12] is suit-
able to be used in the methodology proposed by Stout and Khair
[34], which incorporates hydration forces, or other methodologies
that also take into account ionic relaxation effects [35,36]. In order
to test the inversion of the electrophoretic mobility experimen-
tally, it is necessary to use aqueous electrolytes that do not experi-
ence specific ionic adsorption regarding the colloidal surface, and
that be soluble at high salt concentrations, such as NaCl, KCl, LiCl,
RbCl etc. [37]. For simplicity, equally-sized ions have been consid-
nction of the salt concentration and the ionic radius. The valence and radius of the
nte Carlo simulations and HNC/MSA theoretical calculations performed in this work.
ol size. Black, red, green, and blue symbols and lines are associated to a ionic radius



Fig. 4. (a) Dimensionless excess coion density and (b) maximum integrated charge as a function of the salt concentration and the ionic radius. The valence and radius of the
macroion are ZM ¼ �20 and RM ¼ 20 Å, respectively. Symbols and lines correspond to Monte Carlo simulations and HNC/MSA theoretical calculations performed in this work.
The statistical uncertainties of Monte Carlo simulation results are smaller than the symbol size. Black, red, green, and blue symbols and lines are associated to an ionic radius
1.75, 1.9. 2.0 and 2.1 Å, respectively. In panel (a), empty symbols correspond to Monte Carlo simulations reported by Terao in Ref. [20]. Solid symbols in panels (a) and (b)
correspond to Monte Carlo data performed in this work.
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ered in this work. However, in nature, ions are usually size-
asymmetric due to different degrees of solvation and different bare
ionic sizes. Electrolytes in which counterions are smaller than
coions have shown to promote like charge attraction between
equally charged macroions via an ion-bridging mechanism, in the
absence of ionic specific adsorption [38]. Thus, this size-
combination for counterions and coions seems to be appropriate
to test experimentally the proposed inversion of the elec-
trophoretic mobility in the presence of indifferent monovalent
electrolytes, that is, in the presence of monovalent ions that do
not experience specific adsorption regarding the colloidal surface.
In addition to the inversion of the electrophoretic mobility, it
would be very interesting to study the behaviour of the effective
charge when the mean electrostatic potential inverts. In such a sce-
nario, it would be necessary to calculate the radial distribution
function of macroions at finite concentration via simulations and
theory, in order to determine the role of the macroion-macroion
correlations. In previous works, it has been shown that charged
colloids at finite concentration can display a macroion shielding,
7

which affects the microion distribution around a macroion and
the thermodynamic stability of the whole dispersion [39].

Let us define the dimensionless excess coion density, or total
correlation function at the Helmholtz plane, as [20]

D~nco ¼ hM;�1ðr ¼ RM þ a�Þ ¼ gM;�1ðr ¼ RM þ a�Þ � 1: ð14Þ

and the maximum charge reversal as P� ¼ Pðr ¼ r�Þ P PðrÞ for all r,
where r� is the location of the maximum charge reversal. The
dimensionless excess coion density D~nco and the maximum charge
reversal P� obtained via Monte Carlo simulations and the HNC/
MSA integral equation theory are displayed in Figs. 4(a) and 4(b),
respectively, for several ionic radius and salt concentrations. Here,
it is noted that both quantities show a similar monotonic behavior,
that is, for a fixed ionic size both quantities increase as a function of
the ionic concentration, and for a fixed ionic concentration they
augment when the ionic size increases. Thus, D~nco and P� increase
monotonically as a function of the ionic volume fraction. Even
though the contact values of coions are overestimated by HNC/
MSA regarding Monte Carlo data, the theoretical maximum charge



Fig. 5. Location of (a) the maximum integrated charge and (b) the capacitive compactness measured from the center of the macroion as a function of the salt concentration
and the ionic radius. In the panel (c), the capacitive compactness is measured from the Helmholtz plane located at rH ¼ RM þ a. The valence and radius of the macroion are
ZM ¼ �20 and RM ¼ 20 Å, respectively. Symbols and lines correspond to Monte Carlo simulations and HNC/MSA theoretical calculations performed in this work. The statistical
uncertainties of Monte Carlo simulation results are smaller than the symbol size. Black, red, green, and blue symbols and lines are associated to an ionic radius 1.75, 1.9. 2.0
and 2.1 Å, respectively. In panel (c), the dot-double dashed purple line corresponds to the Debye length as function of the concentration.
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reversal is close to the simulation results. In both instances, HNC/
MSA data display the same trend shown by the Monte Carlo
simulations.

In order to characterize the thickness of the electrical double
layer, in Fig. 5 are plotted the location of the maximum charge
reversal P� measured from the macroion’s center r� (Fig. 5(a)), as
well as the capacitive compactness sc measured from the macro-
8

ion’s center (Fig. 5)) and from the ionic closest approach distance
or Helmholtz plane (Fig. 5(c)). In this instance, it is observed that
r� and sc decrease when the ionic volume fraction increases, for
instance, when the ionic concentration augments for a fixed ionic
size or when the ionic size increases for a fixed ionic concentration.
This means that the electrical double layer shrinks or becomes
more compact when the ionic volume fraction increases. In this
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case, monovalent counterions can overcompensate the bare charge
of the macroion and this, in turn, promotes the appearance of
regions where charge inversion appears close to the macroion’s
surface, in order to fulfill the global electroneutrality condition.
When the ionic volume fraction further increases, the ionic
excluded volume promotes higher contact values of coions and
counterions and the appearance of spatial oscillations, as it has
been shown in Figs. 1(e)-(h). When the electrical double layer
shrinks at very high salt concentrations, the local overcompensa-
tion of the bare charge increases and, as a result, the maximum
charge reversal exacerbates due to ion correlations as it has been
illustrated in Figs. 1(e)-(h) and 4(b).

On the other hand, in Fig. 5(b) it is seen that the capacitive com-
pactness measured from the center of the macroion is always lar-
ger than RM . According to the linearized Poisson-Boltzmann or
Debye-Hückel theory of point-ions in planar and spherical geome-
tries [23], the capacitive compactness measured from the Helm-
holtz plane reduces to the bulk Debye length for any colloidal
charge. As a result, this mean-field approach predicts that the
capacitive compactness is always positive if it is measured from
the Helmholtz plane for electrolytes with non-zero concentration.
In Fig. 5(c), the capacitive compactness measured from the Helm-
holtz plane is displayed. Here, it is observed that there is a critical
concentration at which the capacitive compactness becomes nega-
tive according to Monte Carlo simulations and the HNC/MSA inte-
gral equations theory. This means that the electrical double layer
becomes so compact that the separation distance between the
electrodes of the associated effective spherical capacitor can be
smaller than an ionic radius a. Such a behaviour constrasts with
the linearized Poisson-Boltzmann or Debye-Hückel picture, in
which the separation distance between the electrodes of the asso-
ciated effective spherical capacitor is aþ kD. On the other hand,
notice that even though the Debye length decreases when the
numerical ion concentration augments, this quantity, by definition,
is not able to take into account the ionic size or the ionic volume
fraction.
4. Conclusions

In this work, we have proposed to include partially ionic
excluded volume effects on top of the mean field electrostatic
energy obtained from the non-linear Poisson Boltzmann equation
to give the NLPB-HNC/PY approximation. Even though this approx-
imation does not include ion correlations, it was able to predict
that, at high salt concentrations, the density of both coions and
counterions can show a maximum at the Helmholtz plane, as well
as the appearance of ionic density oscillations similar to those pre-
dicted by Monte Carlo simulations [20]. In spite of this qualitative
agreement, the NLPB-HNC/PY approximation has failed to display
the charge inversion shown by Monte Carlo simulations and
HNC/MSA integral equations theory, where ion correlations are
included consistently. This confirms that ion correlations are fun-
damental to the appearance of charge inversion in 1:1 aqueous
electrolytes in the absence of ionic specific adsorption. On the
other hand, HNC/MSA integral equations theory has displayed a
good qualitative and semi-quantitative agreement regarding
Monte Carlo simulations, i.e., this theoretical approach has been
able to show that, at high ionic volume fractions, i) the density of
both coions and counterions can display a maximum the Helm-
holtz plane, ii) the appearance of the phenomena of charge inver-
sion, charge reversal, and a local inversion of the mean
electrostatic potential near the surface of the colloid, and iii) the
augment of the dimensionless excess coion density and the maxi-
mum charge reversal when the ionic volume fraction increases.
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More importantly, it has been shown that it is possible to
observe a local inversion of the mean electrostatic potential in a
region bounded by one (i.e., at the Helmholtz plane) and three
ionic radii measured from the macroions’s surface. The mean elec-
trostatic potential at the Helmholtz plane is conventionally associ-
ated to the zeta potential, which is the mean electrostatic potential
at the slipping plane. If the zeta potential is located in the above indi-
cated region, a local inversion of the mean electrostatic potential sug-
gests the possibility of observing an inversion of the macroion’s
electrophoretic mobility, driven by indiferent 1:1 aqueous electrolytes,
analogous to that observed in the presence of aqueous multivalent
counterions and/or ionic specific adsorption [40,41].

On the other hand, it has been shown that the location of the
maximum charge reversal and the capacitive compactness
decreases when the ionic volume fraction increases, which sug-
gests that the electrical double layer shrinks or becomes more
compact under these conditions. Moreover, it has been seen that
there is a critical concentration at which the capacitive compact-
ness, measured from Helmholtz plane, becomes negative. This
means that the electrical double layer becomes so compact that
the separation distance between the electrodes of the associated
effective spherical capacitor can be smaller than an ionic radius
a. Such a behaviour constrasts with the linearized Poisson-
Boltzmann or Debye-Hückel picture, in which the separation dis-
tance between the electrodes of the associated effective spherical
capacitor is aþ kD.

It would be very interesting to calculate the electrophoretic
mobility [35,36] associated to the systems studied in this work,
in order to corroborate the possibility of an inversion of the col-
loidal mobility driven by monovalent salts, in the absence of ionic
specific adsorption, at very high salt concentrations. Work in this
direction is in progress and it will be published elsewhere.
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