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ABSTRACT
In this work, we propose a theoretical finite element description of the ionic profiles of a general mixture of n species of spherical charged parti-
cles dissolved in an implicit solvent, with arbitrary size and charge asymmetries, neutralizing a spherical macroion. This approach aims to close
the gap between the nano- and the micro-scales in macroion solutions, taking into account the ion correlations and ionic excluded volume
effects consistently. When these last two features are neglected, the classical non-linear Poisson–Boltzmann theory for n ionic species—with
different ionic closest approach distances to the colloidal surface—is recovered as a limit case. As a proof of concept, we study the electrical
double layer of an electroneutral mixture of oppositely charged colloids and small microions, with an asymmetry 1:333 in size and 1:10 in
valence, in salt-free and added salt environments. Our theoretical approach displays a good agreement regarding the ionic profiles, the inte-
grated charge, and the mean electrostatic potential obtained from molecular dynamics simulations with explicit-sized microions. Although
the non-linear Poisson–Boltzmann colloid–colloid and colloid–microion profiles differ notably from those obtained via molecular dynamics
simulations with explicit small-sized ions, the associated mean electrostatic potential agrees well with the corresponding explicit microion
simulations.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0151140

I. INTRODUCTION

The ionic cloud surrounding a charged colloidal surface is the
so-called electrical double layer. The electrical double layer deter-
mines the electrostatic and thermodynamic properties of charged
colloidal solutions, e.g., Refs. 1–3. In these systems, colloidal par-
ticles can have diameters of the order of microns, whereas small
counterions have ionic diameters of a few angstroms. As a result,
high size and charge asymmetries are typically present in the solu-
tions of charged colloids, or macroions, dissolved in supporting
aqueous electrolytes.

In molecular simulations, the study of charged fluids requires
considering a huge number of particles if solvent molecules are taken
into account explicitly. This approach has the advantage of including

specific interactions and atomistic details present in real or exper-
imental systems. Nevertheless, when large asymmetries in charge,
size, and/or concentration among different species are present, the
number of particles that must be considered in a simulation box
can be prohibitively large and expensive, from a computational
point of view. For this reason, coarse-grained approaches such as
the so-called primitive model have been proposed in the past to
characterize charged fluids, e.g., Refs. 4–6. In this description, the
ionic species are modeled as spherical repulsive-core particles with
point charges embedded in their centers, which are dissolved in
a continuous solvent. Despite its simplicity, the primitive model
has been shown to be able to include relevant characteristics of
Coulombic fluids, such as ion correlations or ionic excluded volume
effects. When these features are included consistently in computer
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TABLE I. Some studies of nanoparticle solutions in implicit solvents where ion correlations and ionic excluded volume effects
are taken into account considering small ions explicitly, via theory and/or simulation. Note that DLVO-Yukawa-like theories
were excluded.

Year Max. species Max. size ratio Max. valence ratio Kind of study Reference

1982 4 125/1 120/1 Theory 40
1998 2 7.5/1 20/1 Simulation 41
1999 2 10/1 60/1 Simulation 42
2000 2 200/1 80/1 Simulation 43
2005 4 20/2 22/1 Simulation 44
2011 3 7.06/1 54/1 Theory and simulation 27
2013 3 17/1 54/1 Theory and simulation 45
2014 4 1322.75/1 750/1 Theory and simulation 28
2015 3 250/1 80/1 Simulation 34
2018 3 10/1 106.25/1 Theory and simulation 32
2020 2 10/1 12/2 Theory and simulation 29
2022 3 600/1 200/1 Simulation 38
2022 3 600/1 100/1 Simulation 39
2023 6 333/1 10/1 Theory and simulation This work

simulations or theoretical approaches, interesting experimental phe-
nomena such as charge inversion, charge reversal, and surface
charge amplification arise, e.g., Refs. 4–11.

From a theoretical perspective, many frameworks have been
proposed to mimic the electrical double layer in the primitive
model, which takes into account ion correlations and ionic vol-
ume effects. Some of these approaches include classical density
functional theories,12–25 the modified Poisson–Boltzmann equa-
tion,26 or integral equations theories based on the Ornstein–Zernike
equation.27–29 In the latter, a closure is needed to be able to cal-
culate the ionic profiles of the charged species consistently. In this
regard, one of the most successful approaches is the one based on
the hypernetted-chain closure.30 In the classical formulation of this
scheme, an equally sized grid has been used to calculate the Fourier
transforms that allow us to solve numerically the Ornstein–Zernike
equation, which makes it very difficult to consider large size asym-
metries between a pair of ionic species from a computational per-
spective. This limitation has been overcome by Heinen et al. by
using Fourier transforms with logarithmically spaced grids in n
dimensions.28 As a result, they have been able to study colloidal
systems with three and four components, maximum size asymme-
tries 1322.75:1, and maximum charge asymmetries 750:1. In that
study, they have observed a good agreement between their theoreti-
cal hypernetted-chain (HNC) calculations and molecular dynamics
simulations with up to 28080 particles in 1:1 supporting elec-
trolytes. On the other hand, as an alternative to the fully consistent
application of the HNC closure to the Ornstein–Zernike equa-
tion, the hybrid hypernetted-chain/mean spherical approximation
(HNC/MSA) closure has been proposed in the past.31 This theoreti-
cal scheme has allowed us, for example, to study colloidal solutions
with the following three components: one species of equally sized
macroions dissolved in a binary 1:1 electrolyte with the same ionic
radii.32 In such a paper, maximum size and charge asymmetries
10:1 and 106.25:1, respectively, were studied theoretically using the
HNC/MSA approach. In addition, a good agreement was observed
between the HNC/MSA data and Monte Carlo simulations for a size

asymmetry 10:1 and charge asymmetries 4:1 and 18:1 at a volume
fraction 0.24. Other authors have studied large size and charge asym-
metries using contracted or effective theoretical descriptions33–37 or
primitive model molecular simulations in which small counterions
are included explicitly.34,38,39 Despite these efforts, the literature on
highly asymmetric colloid-microion solutions is rather scarce due, in
part, to the computational cost and numerical limitations mentioned
above. To illustrate this, Table I includes diverse theoretical and sim-
ulation papers, and it compares the maximum number of species, as
well as the maximum size and valence ratio of different nanopar-
ticle solutions considered therein, where ion correlations and ionic
excluded volume effects are taken into account by including small
sized ions explicitly dissolved in a continuous solvent. Note that
DLVO-Yukawa-like theories were excluded in Table I.27–29,32,34,38–45

Thus, in this work, we present the explicit kernels associated
with the Ornstein–Zernike equation for a general mixture of n
species of spherical charged particles, with arbitrary size and charge
asymmetries, neutralizing a spherical macroion in the primitive
model via the hybrid HNC/MSA closure. In addition, we apply the
finite element method to have a set of equations that can be solved
numerically via an efficient Newton-Raphson scheme. To validate
our theoretical proposal, we have performed molecular dynamics
simulations of salt-free and added salt colloidal solutions with four
and six charged species, respectively, and size asymmetry 333:1 and
charge asymmetry 10:1. Numerical data obtained from the non-
linear Poisson–Boltzmann theory of point ions are also included
to highlight the relevance of ion correlations and ionic excluded
volume effects in highly asymmetric electrical double layers.

II. MODEL SYSTEM
Let us consider a mixture of n ionic species dissolved in a con-

tinuum solvent. In the primitive model, particles are modeled as
hard spheres with point charges embedded in their centers. As a
particular case, we will numerically solve here a mixture of up to
six charged species: two species of equally sized colloidal particles,
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TABLE II. Parameters of the systems simulated in this work using molecular dynamics. In the salt-free with neutral macroions (SF–N), four species of repulsive-core spheres
(4S-RCS), and salt-free (SF) cases, the total number of particle species is 4. In the added salt (AS) case, the total number of particle species is 6. The temperature and the
dielectric constant, εr , in the whole space are 298 K and 78.5, respectively.

Case z1 z2 z3 z4 z5 z6 R1 (Å) R2 (Å) R3 (Å) R4 (Å) R5 (Å) R6 (Å)

SF-N 0 0 −1 1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1000 1000 3 3 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
4S-RCS 0 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1000 1000 3 3 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
SF 10 −10 −1 1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1000 1000 3 3 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
AS 10 −10 −1 1 −1 1 1000 1000 3 3 5 5

two species of equally sized small ions that are counterions of the
colloidal particles, and two species of equally sized small ions cor-
responding to the added salt. Nevertheless, notice that our general
theoretical framework applies to a mixture of n species. The bulk
properties of the salt-free (SF) and the added salt (AS) cases are
displayed in Table II. The smallest ionic species of diameter 3 Å rep-
resent OH− and H3O+ ions, and the ionic species of diameter 5 Å
mimic a fully dissociated NaCl electrolyte. A maximum size asym-
metry 1:333 and a charge asymmetry 1:10 are considered in such
a scenario. Although it is possible to study larger asymmetries in
valence, it is worth mentioning that opposite charged colloidal parti-
cles can easily percolate due to the Coulombic interactions, forming
colloidal gels and even solid clusters at very large colloidal valences.
For this reason, we have decided to study the weakly charged regime
in the present study. According to Table III, the whole system is elec-
troneutral. For the theoretical calculations, the interaction potential
between two particles of species i and j can be written as

Uij(r) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∞ if r < Ri + Rj

2
zizje2

0

4πε0εrr
if r ≥ Ri + Rj

2

(1)

where Ri and zi are the diameter and valence of the particle i,
r = ∣r⃗i − r⃗j ∣, e0 is the proton charge, ε0 is the vacuum permittivity,
and εr is the dielectric constant of the solvent.

Given the large number of ions involved in the added salt case,
parallel molecular dynamics simulations have been performed. The

long-ranged electrostatic interaction between a pair of particles of
species i and j can be written as

uel
ij(r) =

zizje2
0

4πε0εrr
, (2)

whereas the corresponding short-ranged repulsive-core potential
between a pair of particles i and j, used only in the molecular
dynamics simulations, can be written as

βurc
ij (r)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞ if r ≤ Δij

4
⎡⎢⎢⎢⎢⎣
( σrc

r − Δij
)

12

− ( σrc

r − Δij
)

6⎤⎥⎥⎥⎥⎦
+ 1 if Δij < r < Δij +21/6σrc

0 if r ≥ Δij + 21/6σrc

(3)
where r = ∣r⃗i − r⃗j ∣, β = (kBT)−1, T is the temperature of the sys-
tem, and Δij = (Ri/2) + (Rj/2) − σrc. Note that in the definition
of the parameter Δij used in Eq. (3), Ri/2 and Rj/2 are the hard
sphere radii of species i and j, respectively, and σrc is a parameter
determining the “hardness” of the particles. The repulsive-core
potential given by Eq. (3) is a variation of the Weeks-Chandler-
Andersen (WCA) potential proposed in 1971.46 In Eq. (3), the
location of the infinite value displayed by the WCA potential is
shifted from the origin to the distance Δij = (Ri/2) + (Rj/2) − σrc.
In the repulsive-core interaction described by Eq. (3), particles can
be considered as hard spheres plus a short-ranged and very-steep
WCA potential, whose extension is determined by the value of σrc.
Notice that the original WCA potential corresponds to the repul-
sive part of a shifted Lennard-Jones potential.46 Moreover, note that

TABLE III. Number of particles Ni and the corresponding molar concentrations ci associated with the systems simulated in this work using molecular dynamics. In the salt-free
with neutral colloids (SF–N), four species repulsive-core spheres (4S-RCS), and the salt-free (SF) systems, the total number of particle species is 4, whereas in the added
salt (AS) case, the total number of particle species is 6. In both instances, the length of the cubic simulation box is L = 10 000 Å. By electroneutrality, N2 = N1, N4 = N3, and
N6 = N5. Notice that as the number and the size asymmetry of the particles in the SF-N, 4S-RCS, and SF systems are the same, they have the same volume fraction. These
three systems differ only in the valences of the particle species as shown in Table II. Moreover, note that the added salt concentration is 100 times the concentration of the
colloidal particles. κD = 1/λD, where λD is the Debye length of the corresponding system.1–3

Case N1 N3 N5 c1(M) c3(M) c5(M) Particles κD (Å−1) λD (Å) Vol. frac.

SF-N 120 1200 ⋅ ⋅ ⋅ 2 × 10−7 2 × 10−6 ⋅ ⋅ ⋅ 2 640 4.65 × 10−4 2150.52 0.126 124 5
4S-RCS 120 1200 ⋅ ⋅ ⋅ 2 × 10−7 2 × 10−6 ⋅ ⋅ ⋅ 2 640 0 ⋅ ⋅ ⋅ 0.126 124 5
SF 120 1200 ⋅ ⋅ ⋅ 2 × 10−7 2 × 10−6 ⋅ ⋅ ⋅ 2 640 1.54 × 10−3 648.41 0.126 124 5
AS 120 1200 12 044 2 × 10−7 2 × 10−6 2 × 10−5 26 728 2.13 × 10−3 469.28 0.126 126 1
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in the limit in which the “hardness” parameter σrc goes to 0, the
repulsive-core interaction potential defined in Eq. (3) reduces to the
hard spheres potential defined in Eq. (1) (with zi = zj = 0) for the
diameters Ri and Rj used in the definition of Δij. The interaction
potentials colloid–colloid, colloid–ion, and ion–ion corresponding
to Eqs. (2) and (3), used in the MD simulations performed in this
work, are plotted in the supplementary material. In addition, the
colloid–colloid DLVO interaction potential using the Debye length
associated with the salt-free (SF) and the added salt (AS) systems
(defined in Table III) is also compared with the bare Coulomb
potential in the supplementary material.

III. MOLECULAR DYNAMICS SIMULATIONS
Simulations of charged particles with interacting potentials

given by Eqs. (2) and (3) have been performed in the NVT ensemble
with σrc = 1 Å using a Nosé–Hoover thermostat. The HOOMD-
Blue package47,48 with the Particle–Particle Particle–Mesh (PPPM)
methodology49 compiled with double precision was employed to
take into account properly the long-range electrostatic interactions.
The specific parameters used in the PPPM were chosen using the
methodology proposed by Deserno and Holm50 to have an RMS
error smaller than 1 × 10−6. After minimizing the total energy of a
random configuration, an initial time step of 1 × 10−8 (in reduced
units47) has been used to start the thermalization process. The ini-
tial time step is then periodically increased until a value of 1 × 10−3

(in reduced units47) is reached eventually. At this point, at least
2000 × 106 time steps were used to thermalize the system. The posi-
tion of all particles was sampled for each 1 × 105 MD time steps (in a
compromise between efficiency and reduction of time correlations)
and at least 20 000 × 106 time steps were performed to calculate the
time averages. The numerical calculations were performed in an
A100 Nvidia GPU installed in a Supermicro server SYS-740P-TRT
with 2 Intel Xeon 3rd Gen Scalable Gold 5320 processors. Molecular
dynamics simulations for similar colloidal size-asymmetric systems
have been reported recently.34,38,39

IV. INTEGRAL EQUATIONS THEORY FOR A MIXTURE
OF n IONIC SPECIES

The Ornstein–Zernike equations describing the ionic cloud of
n species of charged particles around a single spherical macroion of
valence zM and diameter RM can be written as

hMj(r) = cMj(r) +
n

∑
ℓ=1

ρbulk
ℓ ∫ hMℓ(t) cℓj(∣r⃗ − t⃗ ∣)dV , (4)

where hMj(r) = gMj(r) − 1 are the total ionic correlation func-
tions, gMj(r) are the ionic radial distribution functions, and ρbulk

ℓ

are the bulk number densities per unit volume of the particle
species. A representation of the macroion in spherical coordinates
is given in Fig. 1. The direct correlation functions between ions
and the spherical colloid are specified by using the hypernetted-
chain (HNC) closure cMj(r) = −βUMj(r) + hMj(r) − ln[hMj(r) + 1].
If cℓj(∣r⃗ − t⃗ ∣) = −β(zℓzje2

0)/(4πε0εr ∣r⃗ − t⃗ ∣) are employed in the
right-hand side of Eq. (4), the integral equations version of the non-
linear Poisson–Boltzmann theory is then obtained.51,52 If cℓj(∣r⃗ − t⃗ ∣)

FIG. 1. Schematic representation of the model system used in the theoreti-
cal description of the electrical double layer in spherical coordinates. A central
macroparticle M is placed at the origin, and ions of species j and ℓ are located
at the positions r⃗ and t⃗, respectively. The separation distance between the
ions of species j and ℓ is s = ∣s⃗ ∣ = ∣r⃗ − t⃗ ∣. The convolution integrals in the
Ornstein–Zernike equation [Eq. (4)] are performed in the whole space considering
a polar angle θt and an azimuthal angle φt .

are approximated by the bulk direct correlation functions obtained
from the mean spherical approximation (MSA), then the HNC/MSA
integral equation theory is obtained

gMj(r) = exp [−βUMj(r) +HMj(r) − KMj], (5)

with

HMj(r) =
n

∑
ℓ=1

ρbulk
ℓ ∫ gMℓ(t) cMSA

ℓj (s) dV , (6)

KMj =
n

∑
ℓ=1

ρbulk
ℓ ∫ cMSA

ℓj (s) dV , (7)

and s = ∣r⃗ − t⃗ ∣. The MSA direct correlation functions can be written
as the sum of an electrostatic and a hard sphere contribution,

cMSA
ℓj (s) = chs

ℓj(s) + celec
ℓj (s). (8)

If the average of the sum and difference of the ionic diameters of
species i and j are defined as Rij = (Rj + Ri)/2 and λij = (Rj − Ri)/2,
respectively, the MSA direct correlation functions can be writ-
ten in terms of s = ∣r⃗ − t⃗ ∣ =

√
r2 + t2 − 2rt cos θ as it is shown in

Appendix A.

J. Chem. Phys. 158, 224111 (2023); doi: 10.1063/5.0151140 158, 224111-4

Published under an exclusive license by AIP Publishing

 15 August 2023 14:56:31

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

To obtain the specific kernels of the Ornstein–Zernike equation
for the HNC/MSA approach, the three-dimensional space is consid-
ered a collection of points t⃗ = (t, θ,φ), and it is partitioned as follows
(see the graphical representation in Fig. 2):

Ω(t⃗) = ΩMℓ(t⃗) ∪
⎛
⎝

3
⋃
u=1

u
⋃
o=1

⋃
m ∈ {A,B}

Ωuom
ℓj (t⃗)

⎞
⎠

, (9)

with

ΩMℓ(t⃗) = {t⃗ = (t, θ,φ) : 0 ≤ t < RMℓ, ∣r − t∣ ≤ s ≤ (r + t)},
Ω11A

ℓj (t⃗) = {t⃗ = (t, θ,φ) : RMℓ ≤ t < r − Rℓj , ∣r − t∣ ≤ s ≤ (r + t)},
Ω21A

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r − Rℓj ≤ t < r − λℓj , Rℓj ≤ s ≤ (r + t)},
Ω22A

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r − Rℓj ≤ t < r − λℓj , ∣r − t∣ ≤ s < Rℓj},
Ω31A

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r − λℓj ≤ t < r, Rℓj ≤ s ≤ (r + t)},
Ω32A

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r − λℓj ≤ t < r, λℓj ≤ s < Rℓj},
Ω33A

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r − λℓj ≤ t < r, ∣r − t∣ ≤ s < λℓj},
Ω31B

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r ≤ t < r + λℓj , Rℓj ≤ s ≤ (r + t)},
Ω32B

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r ≤ t < r + λℓj , λℓj ≤ s < Rℓj},
Ω33B

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r ≤ t < r + λℓj , ∣r − t∣ ≤ s < λℓj},
Ω21B

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r + λℓj ≤ t < r + Rℓj , Rℓj ≤ s ≤ (r + t)},
Ω22B

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r + λℓj ≤ t < r + Rℓj , ∣r − t∣ ≤ s < Rℓj},
Ω11B

ℓj (t⃗) = {t⃗ = (t, θ,φ) : r + Rℓj ≤ t <∞, ∣r − t∣ ≤ s ≤ (r + t)},
(10)

where θ belongs to the interval [0,π] and φ belongs to the interval
[0, 2π] in spherical coordinates (see Fig. 1).

Given that the MSA direct correlation functions are known
analytically, it is possible to perform the angular integrals using the
partition of the three-dimensional space given above. As a result, it
is possible to write Eqs. (6) and (7) as

(11)

KMj =
n

∑
ℓ=1

ρbulk
ℓ

3

∑
u=1

5

∑
v=1

ϑℓj(u, v) F(v, Λ̇(u)ℓj , Λ̈(u)ℓj ), (12)

where

J (v, Λ̌(u,o)
ℓj , Λ̂(u,o)

ℓj , r, t) = 2πt
v r
[[Λ̂ (u,o)

ℓj ]
v
− [Λ̌ (u,o)

ℓj ]
v
], (13)

FIG. 2. Schematic representation of the spatial partition of the three-dimensional
space used to integrate the Ornstein–Zernike equation [Eq. (4)]. The Ωuom

ℓj (t⃗)
regions used in the convolution integrals are represented explicitly. The blue and
orange regions represent the overlapping regions between two particles of species
j and ℓ where the hard-sphere contributions of the MSA direct correlation func-
tions are non-zero. In the NLPB theory, the radius of the blue and orange regions
is equal to zero. The convolution integrals in Eq. (4) are performed in the whole
space using this spatial partition considering a polar angle θt and an azimuthal
angle φt .

F(v, Λ̇(u)ℓj , Λ̈(u)ℓj ) =
4π
v + 1

[[Λ̈ (u)ℓj ]
v+1
− [Λ̇ (u)ℓj ]

v+1
], (14)

Λ̌ℓj =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∣r − t∣ 0 0

Rℓj ∣r − t∣ 0

Rℓj λℓj ∣r − t∣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (15)

Λ̂ℓj =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(r + t) 0 0

(r + t) Rℓj 0

(r + t) Rℓj λℓj

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (16)

Λ̇ℓj = [Rℓj λℓj 0]
T

, (17)

Λ̈ℓj = [tmax Rℓj λℓj]
T

, (18)
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(19)

(20)

P∗(u,m)
ℓj = max (P(u,m)

ℓj , RMℓ), (21)

(22)

with tmax being the upper limit of the integrals corresponding to
Eqs. (18) and (20) when it goes to infinity, and the superindex T
indicates the transpose operation over the vector to which it has been
applied. The matrix ϑℓj(u, v) is defined in Appendix B.

To solve Eq. (5) via the finite element method, we approximate
the radial distribution between the ionic species j and the central
macroion M by a linear combination of a set of linearly independent
basis functions ϕi(r)

gMj(r) ≈ g̃Mj(r) =
Nj

∑
i=1

γMji ϕi(r), (23)

where γMji are the real coefficients and N j indicates the maxi-
mum number of nodes for the species j. In this work, we have
used second-order Lagrange interpolating polynomials, which have
associated a good equilibrium between algorithmic complexity and
computational cost.53

By substituting g̃Mj(r) in Eq. (5) and g̃Mℓ(r) in Eq. (11), we
obtain

g̃Mj(r) =
Nj

∑
i=1

γMji ϕi(r) = exp [−βUMj(r) + H̃Mj(r; γ⃗) − KMj], (24)

and

(25)

where the vector

γ⃗ = [γM11, . . . , γM1N1 , . . . , . . . , γMn1, . . . , γMnNn], (26)

contains all the undetermined coefficients γMji, for j = 1, . . . , n, being
n total the number of ionic species, and i = 1, . . . , N j, being N j the
maximum number of nodes corresponding to the ionic species j.

We define the residual function for the species j as

RMj(r; γ⃗) =
Nj

∑
i=1

γMji ϕi(r) − exp [−βUMj(r) + H̃Mj(r; γ⃗) − KMj],

(27)
which we would like to minimize. Thus, we apply the Collocation
Method,53

∫
tmax

0
RMj(r; γ⃗) δ(r − rk) = RMj(rk; γ⃗) = 0, (28)

where rk corresponds to the position of the nodal point k.
As a result, Eq. (28) can be written as

RMj(rk; γ⃗) =
Nj

∑
i=1

γMji ϕi(rk)

− exp [−βUMj(rk) + H̃Mj(rk; γ⃗) − KMj] = 0. (29)

By using the following properties for the basis functions

ϕi(rk) = δik, (30)

with δik being the Kronecker delta, it is possible to write Eq. (29) as

RMj(rk; γ⃗) = γMjk − exp [−βUMj(rk) + H̃Mj(rk; γ⃗) − KMj] = 0,
(31)

which corresponds to a system of coupled non-linear integral
equations. To use the Newton-Raphson method, we define

J(r; γ⃗ [f]) (γ⃗ [f+1] − γ⃗ [f])
T
= −R⃗(r; γ⃗ [f])

T
, (32)

where J(r; γ⃗ [f]) is the Jacobian matrix, γ⃗ is a vector containing the

real coefficients γMjk, and R⃗(γ⃗ [f]) is a residual vector defined as

R⃗(γ⃗ [f]) = [R [f]
M1(r1), . . . ,R [f]

M1(rN1), . . . , . . . ,

R [f]
Mn(r1), . . . ,R [f]

Mn(rNn)], (33)

where the superindex [f] indicates the current iteration number, and
the superindex T indicates the transpose operation over the vector to
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which it has been applied. The Jacobian matrix J(γ⃗ [f]) is defined by
the partial derivatives of the residual functions as follows:

(34)
where

R [f]
Mj(rk) = RMj(rk; γ⃗ [f]) = γ[f]Mjk −exp[−βUMj(rk) + H̃[f]Mj(rk)−KMj],

(35)
and

(36)

Note that the partial derivatives
∂ R [f]Mj(rk)

∂ γMab
appearing in the

Jacobian matrix can be calculated analytically

∂R [f]
Mj(rk)

∂ γMab
= δ(Mjk, Mab) − exp [ − βUMj(rk)

+ H̃[f]Mj(rk) − KMj]
∂ H̃[f]Mj(rk)
∂ γMab

, (37)

= δ(Mjk, Mab) + [R [f]
Mj(rk) − γ[f]Mjk]

∂ H̃[f]Mj(rk)
∂ γMab

, (38)

where

(39)
Once we start from an initial guess [that can be as simple

as gMj(r) = 1], the Newton-Raphson method allows us to gener-
ate a new solution whose convergence is quadratic if the candidate
solution is close to the solution of Eq. (31). To determine whether

a numerical solution has been achieved, we monitor both the
difference of the Euclidean norm between two successive solutions,

∥γ⃗ [f+1] − γ⃗ [f]∥
2
=
⎛
⎝

n

∑
j=1

Nj

∑
k=1
∣γ[f+1]

Mjk − γ
[f]
Mjk∣

2⎞
⎠

1/2

, (40)

and the global electroneutrality. On the other hand, the surface
charge density over the macroion’s surface can be calculated in terms
of the radial distribution functions of all ionic species as

σsphere
0 (gMℓ(t)) = −4 e0

n

∑
ℓ=1

zℓρbulk
ℓ ∫

∞

RMℓ

t2

R2
M

gMℓ(t) dt. (41)

If σsphere
0 is the desired surface charge density over the

macroion’s surface, for non-zero valences of the central macroion,
it is possible to define the relative error,

Er =
∣σsphere

0 − σsphere
0 (gMℓ(t))∣

σsphere
0

. (42)

If the valence of the macroion is zero, it is possible to define the
absolute error,

Ea = ∣σsphere
0 − σsphere

0 (gMℓ(t))∣. (43)

Typically, we demand that ∥γ⃗ [f+1] − γ⃗ [f]∥2 < 10−8 and Er < 10−8.
The consideration of Er and Ea, along with the Euclidean norm,
allows a more robust and precise implementation of our finite
element algorithm.

Once the radial distribution functions for all ionic species are
known, it is possible to calculate the electrostatic properties of the
electrical double layer in spherical geometry such as the integrated
charge, the electric field, the mean electrostatic potential, and the
capacitive compactness around a particle of species i, valence zi, and
diameter Ri as26,54–56

Pi(r) = zi + 4π
n

∑
ℓ=1

zℓρbulk
ℓ ∫

r

0
giℓ(t) t2dt, (44)

Ei(r) =
e0

4πε0εr

Pi(r)
r2 , (45)

ψi(r) = ∫
∞

r
Ei(t)dt = 1

ε0εr

n

∑
ℓ=1

e0 zℓρbulk
ℓ

× ∫
∞

Riℓ

giℓ(t)
t
r
( r − t − ∣r − t∣

2
) dt (46)

and

τi
c = (

2
Ri
− 4πε0εr

ψi(r = Ri/2)
zie0

). (47)

In general, note that by considering the global electroneutral-
ity of an electrode–electrolyte system, it is possible to replace the
real system with an effective capacitor, in which the diffuse elec-
trical double-layer charge is placed in an electrode with a charge
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equal in magnitude to that of the real solid electrode but with an
opposite sign. The distance from the coordinate origin at which this
electrode is located is precisely the capacitive compactness.26,54–56

Notice that, if the location of the electrical double-layer electrode is
measured from the surface of the real solid electrode, then the capac-
itive compactness can be also interpreted as the separation distance
between both electrodes. In the literature, it is very well known that
the Debye length, and the associated electrical double layer, shrinks
as a function of the ionic strength of the supporting electrolyte.
However, the Debye length cannot take into account the influence
of the surface charge density of the electrode, as well as other rele-
vant properties of Coulombic fluids such as ion correlations, ionic
excluded volume effects, polarization effects, ionic-specific adsorp-
tion, etc. In this sense, the capacitive compactness is a generalization
of the Debye length that has proven to be very useful to quantify the
thickness or spatial extent of the ionic cloud neutralizing a charged
surface.

To recover the point–ions limit from the HNC/MSA theory, we
can consider that the diameters of all species are the same and equal
to zero in the definition of the MSA direct correlation function, that
is Rℓ = R = 0 for ℓ = 1, . . . , n. As a result, it is possible to write

cMSA
ℓj (s) = −zℓzjλB s−1 for s > 0, (48)

given that Rℓj = λℓj = 0, where λB = βe2
0/(4πε0εr) is the Bjerrum

length. On the other hand, the point–ions limit of the functions
HMj(r) and KMj(r) can be written as

HR=0
Mj (r) = lim

Rℓ=0
∀ ℓ

HMj(r)

=
n

∑
ℓ=1

ρbulk
ℓ ∫

tmax

RMℓ

gMℓ(t) [−zℓzjλB]
2πt

r
(r + t − ∣r − t∣) dt,

(49)

lim
Rℓ=0
∀ ℓ

KMj = −2π zjλB(tmax)2
n

∑
ℓ=1

zℓ ρbulk
ℓ = 0, (50)

where tmax is the upper limit of the integral corresponding to Eq. (49)
when it goes to infinity and Eq. (50) is equal to zero due to the elec-
troneutrality condition. Note that in Eq. (49), the inferior limit of the
integral corresponds to the closest approach distance RMℓ between
an ion of species ℓ and the central macroion. This means that the
point ions do have an “ionic size” (i.e., a Stern correction) regarding
the surface of the central macroion.

The electrostatic energy between the central macroion M and
an ion of species j in terms of the ionic radial distribution functions
can be expressed as

− βUMj(r) = −2π zjλB

n

∑
ℓ=1

zℓ ρbulk
ℓ ∫

tmax

RMℓ

gMℓ(t)
t
r
(−2 t) dt. (51)

By substituting Eqs. (49)–(51) in Eq. (5), it is possible to obtain

gMj(r) = exp [−4π zjλB

n

∑
ℓ=1

zℓ ρbulk
ℓ ∫

tmax

r
gMℓ(t) (t − t2

r
) dt], (52)

or

gMj(r) = exp [−βWMj(r)] = exp [−zje0β ψM(r)]. (53)

In Eq. (53), the potential of mean force WMj(r) is equal to the
electrostatic energy [see Eq. (46)] that an ion of species j feels at a dis-
tance r from the center of the central macroion, which corresponds
to the non-linear Poisson–Boltzmann theory for n species, with dif-
ferent closest approach distances between the ions and the central
macroion.

V. RESULTS AND DISCUSSION
With the aim of testing the theoretical approach proposed

in this work, we have compared the theoretical and simulation
colloid–colloid or colloid–ion radial distribution functions of pos-
itively and negatively charged colloids in different mixtures con-
taining four or six species, either in the absence (SF case) or in
the presence (AS case) of added salts. The corresponding SF and
AS systems are described in Tables II and III. Given that the sup-
porting electrolyte is composed of monovalent ions, it is expected
that ion correlations should not play a major role. However, we
foresee that excluded volume effects due to the finite size of col-
loids and/or small ions cannot be discarded, despite the large 1:333
size asymmetry considered here. Thus, the radial distribution func-
tions of neutral colloids in the presence of a binary monovalent
salt (SF–N case) and in the presence of a binary mixture of equally
sized repulsive-core spheres (4S-RCS case), at the same concentra-
tion, are compared in Fig. 3 (the definition of the SF-N and the
4S-RCS systems is given in Tables II and III). In Fig. 3(a), it is
observed that the colloid–colloid radial distribution functions asso-
ciated with the SF-N and 4S-RCS systems are practically identical

FIG. 3. Colloid–colloid and colloid–ion radial distribution functions for the salt-free
(SF) and the salt-free with neutral colloids (SF–N) systems (described in Tables II
and III). The radial distribution functions were obtained either via molecular dynam-
ics (MD) simulations or via the HNC/MSA integral equations formalism proposed
in this work. (a) g11(r) and (b) g13(r).
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according to MD simulations. The same behavior is displayed by
the analogous HNC/MSA curves, although they overestimate the
contact values predicted by the simulation results. A colloid–colloid
contact value larger than 1 is expected due to the volume fraction of
the SF-N and 4S-RCS systems, namely, 0.1261245 in both instances.
In addition, in Fig. 3(b), the colloid–ion radial distribution func-
tions for the SF-N and 4S-RCS systems are shown. The same trends
observed in Fig. 3(a) for the colloid–colloid radial distribution func-
tions are observed here: colloid–ion contact values larger than 1, a
non-monotonic behavior of the radial distribution functions, almost
identical small particle profiles associated with the SF-N and 4S-RCS
systems obtained either using MD simulations or the HNC/MSA
theory, and HNC/MSA colloid–ion contact values that are slightly
higher than those predicted by MD simulations. Thus, we conclude
that ion correlations are certainly negligible in the SF-N system,
where neutral colloids are dissolved in a monovalent supporting
electrolyte. Moreover, the previous observations demonstrate that
the colloid–colloid and colloid–ion contact values larger than 1, as
well as the non-monotonic behavior of the corresponding radial dis-
tributions, are due essentially to entropic or excluded volume effects.
This last ingredient is not taken into account in the classical non-
linear Poisson–Boltzmann theory (NLPB). In fact, the numerical
solution of the NLPB theory using our finite element approach for
the SF-N system predicts a gij(r) = 1 for the colloid–colloid and
colloid–ion radial distributions at distances larger than the clos-
est ionic approach distance for each ionic species (not shown). As
a result, important deviations from the NLPB theory are expected
in the presence of charged colloids. Notice that for the SF-N, the
interaction between the large neutral colloids and the small cations
or small anions is the same by symmetry. Thus, the g13(r), g14(r),
g23(r), and g24(r) are identical among them, and a charge density
per unit volume equal to zero in the whole space is predicted con-
sistently by MD simulations, the HNC/MSA theory, and the NLPB
equation.

To study the effects of the colloidal charge on the
colloid–colloid interaction in a mixture of positive and nega-
tive colloids, a comparison between the corresponding radial
distribution functions has been performed for the salt-free (SF)
and the added salt (AS) systems (defined in Tables II and III) in
Figs. 4(a) and 4(b), respectively. In both figures, it is observed that
the HNC/MSA radial distribution functions of equally, g11(r), and
oppositely, g12(r), charged colloids are not monotonic and agree
well with the radial distribution functions predicted by MD simula-
tions. Moreover, MD simulations predict that the contact value of
oppositely charged colloids, g12(r = 1000 Å), decreases when the

FIG. 4. Radial distribution functions between colloidal particles according to molec-
ular dynamics (MD) simulations, HNC/MSA integral equations theory, and the
non-linear Poisson–Boltzmann (NLPB) equation. (a) Salt-free (SF) system and (b)
added salt (AS) system. The SF and AS systems are described in Tables II and III.

added salt concentration increases, as shown in Figs. 4(a) and 4(b)
for the SF and the AS systems, respectively. When the added
salt concentration increases, the ionic strength augments and the
supporting 1 : 1 electrolyte promotes an enhanced colloidal charge
neutralization. As a result, the electrostatic screening and the ionic
excluded volume effects yielded by the added salt decrease the net
electrostatic interaction between charged colloids. This is consistent
with the increase in the contact value of equally charged colloids,
g11(r = 1000 Å), when the AS system displayed in Fig. 4(b) is com-
pared regarding the SF system portrayed in Fig. 4(a). On the other
hand, the radial distribution functions predicted by the mean-field
non-linear Poisson–Boltzmann (NLPB) theory are monotonic in
the whole space and differ significantly from those obtained via MD
simulations and the HNC/MSA integral equations theory. Despite
these limitations, it is seen that the NLPB contact values of equally,
g11(r = 1000 Å), and opposite, g12(r = 1000 Å), charged colloids

TABLE IV. Parameters of the added salt systems AS-S1, AS-S2, and AS-S2-N are described theoretically using the HNC/MSA formalism proposed in this work. The diameters
of all particle species correspond to those used in the added salt (AS) system defined in Table II. By electroneutrality, c2 = c1, c4 = c3, and c6 = c5. The temperature and the
dielectric constant, εr , in the whole space are 298 K and 78.5, respectively. Note that the added salt concentration in the AS-S1 is 500 times the concentration of colloids,
whereas the added salt concentration in the AS-S2 and AS-S3 is 1000 times the concentration of colloids. Moreover, notice that the AS-S2 and AS-S2-N systems have the same
volume fraction because they only differ in the valence of colloids. κD = 1/λD, where λD is the Debye length of the corresponding system.1–3

Case z1 z2 z3 z4 z5 z6 c1(M) c3(M) c5(M) κD (Å−1) λD (Å) Vol. frac.

AS-S1 10 −10 −1 1 −1 1 2 × 10−7 2 × 10−6 1 × 10−4 3.63 × 10−3 275.35 0.126 132 4
AS-S2 10 −10 −1 1 −1 1 2 × 10−7 2 × 10−6 2 × 10−4 4.90 × 10−3 204.12 0.126 140 3
AS-S2-N 0 0 −1 1 −1 1 2 × 10−7 2 × 10−6 2 × 10−4 4.67 × 10−3 213.98 0.126 140 3
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FIG. 5. Radial distribution function between colloidal particles for different added
salt concentrations according to molecular dynamics (MD) simulations and the
HNC/MSA integral equations theory. (a) g12(r) and (b) g11(r). The SF, AS, AS-
S1, AS-S2, and AS-S2-N systems are described in Tables II–IV.

display the same trend predicted by MD simulations when the SF
curves in Fig. 4(a) are contrasted with the corresponding ones in
Fig. 4(b).

To test the influence of the ionic strength in the microscopic
structure of the electrical double layer of a mixture of positive and
negative colloids (see Table IV), in Fig. 5, it is shown the behav-
ior of the colloid–colloid radial distribution functions g12(r) and
g11(r), according to the HNC/MSA theory proposed in this work,
when the concentration of the added salt increases in the AS system
as shown in Table IV. In the case of oppositely charged colloids, it
is observed that the contact value g12(r = 1000 Å) decreases mono-
tonically when the ionic strength increases (compare systems SF, AS,
AS-S1, and AS-S2). Moreover, the g12(r = 1000 Å) in the AS-S2
system seems to approach to the g12(r = 1000 Å) associated with
the AS-S2-N system. The systems AS-S2 and AS-S2-N are identical
except in the valence of the colloids, which is zero in the AS-S2-N
system (neutral colloids), as shown in Table IV. On the other hand,
in the case of equally charged colloids, the contact value g11(r = 1000
Å) increases when the ionic strength increases (compare systems SF,
AS, and AS-S1). However, if the ionic strength is further increased,
the contact value g11(r = 1000 Å) now decreases (compare the val-
ues associated with those of the AS-S2 and AS-S1). If the charge of
colloids in the AS-S2 system vanishes, maintaining the same prop-
erties of the electrolyte (AS-S2-N system), the corresponding radial
distribution function resembles that associated with the AS-S2 sys-
tem, in which colloidal particles are highly screened electrostatically.
To confirm the non-monotonic behavior of the contact value of

equally charged colloids predicted by the HNC/MSA in a mixture
of positively and negatively charged colloids, it would be necessary
to perform MD simulations of the systems AS-S2 and AS-S2-N con-
sidering 267 280 particles, which is ten times the number of particles
simulated in the AS system (26 728) in this work. Such simulations
would require also a very large number of time steps because the
radial distribution functions of colloidal particles that are either
uncharged or very strongly screened are usually very noisy. At this
point, it is worth mentioning that the HNC/MSA formalism is a
well-established liquid state theory, whose origins can be traced back
to classical density functional theory.31 In addition, the HNC/MSA
theory has shown a good agreement regarding simulation results in
a wide variety of systems in the past, see, e.g., Refs. 4, 27, 32, 45,
54, and 57–60. Thus, the confirmation of the behavior predicted by
the HNC/MSA theory for the AS-S2 and the AS-S2-N systems is a
rather stringent test of the predictive capacity of the theoretical for-
mulation proposed in this work. In any case, we hope this theoretical
prediction could be tested in the future by either other theoreti-
cal approaches28,29 or by very long runs of large-scale molecular
simulations.

The radial distribution functions associated with different
species of small particles around a colloidal particle of species 1
for the salt-free (SF) and added salt (AS) systems are displayed

FIG. 6. Colloid–ion radial distribution functions according to molecular dynam-
ics (MD) simulations, HNC/MSA integral equations theory, and the non-linear
Poisson–Boltzmann (NLPB) equation. (a) Salt-free (SF) system, (b) and (c) added
salt (AS) system. The SF and the AS systems are described in Tables II and III.
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FIG. 7. Colloid–ion radial distribution functions for different added salt concentra-
tions according to molecular dynamics (MD) simulations and HNC/MSA integral
equations theory. (a) g15(r) and (b) g16(r). The SF, AS, AS-S1, AS-S2, and
AS-S2-N systems are described in Tables II–IV.

in Fig. 6 (notice that by symmetry, identical profiles are observed
if the central colloidal particle is of species 2). In all instances,
the ionic profiles associated with the HNC/MSA integral equation
theory display a non-monotonic behavior as a function of the

FIG. 8. Mean electrostatic potential ψ1(r) (main figures) and integrated charge
P1(r) (insets) around a colloidal particle of species 1. (a) Salt-free (SF) system
and (b) added salt (AS) system. The SF and AS systems are described in Tables II
and III.

distance to the colloidal surface and compare well with the corre-
sponding MD simulation curves, whereas the NLPB ionic profiles
differ significantly from the simulation data displaying a mono-
tonic conduct as a function of the distance to the colloidal surface.
The ionic contact values g13(r = 501.5 Å) and g14(r = 501.5 Å)
exhibit the same trends observed in the corresponding colloidal
cases portrayed in Fig. 4 where the SF and AS cases have been
compared. On the other hand, in the AS case, it is observed that
the ionic profiles associated with ions with 3 Å of diameter (that
are counterions of the colloidal particles) and the ionic profiles of
particles with 5 Å of diameter (that correspond to the added salt
species) are very similar for ions with the same valence. Moreover,
note that the curves associated with the AS ionic species with 5 Å
of diameter are smoother than the curves associated with the SF
ionic species with 3 Å of diameter. This is due to a large number
of added salt ions present in the simulation box, in comparison
to the number of small counterions in the SF case, as shown in
Table III. In addition, the behavior of the colloid–ion radial dis-
tribution functions when the added salt concentration increases is
displayed in Fig. 7. Here, it is observed that the contact values of
the colloid–ion radial distribution functions g15 and g16 decrease
and increase monotonically, respectively, when the salt (or the ionic
strength) increases. Moreover, in both instances, they approach the
small particle profiles of the AS-S2-N system. In this last system, the
colloids are neutral, and the supporting electrolyte is identical to that
present in the AS-S2 system, in which the colloids are charged but
highly screened electrostatically due to the large concentration of the
added salt.

In Fig. 8, the integrated charge, P1(r), and the mean electro-
static potential, ψ1(r), around a colloidal particle of species 1 are
displayed. These quantities correspond to the SF and AS radial dis-
tribution functions displayed in Figs. 4 and 6. Here, it is observed
that PAS

1 (r) < PSF
1 (r) and ψAS

1 (r) < ψSF
1 (r) close to the colloidal sur-

face for simulations and theories, which is a consequence of the

FIG. 9. (a) Mean electrostatic potential ψ1(r) and (b) integrated charge P1(r)
around a colloidal particle of species 1 predicted by the HNC/MSA theory proposed
in this work. The SF, AS, AS-S1, and AS-S2 systems are described in Tables II–IV.
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additional electrostatic screening yielded by the added salt ions.
Another very interesting behavior is the good agreement displayed
by the NLPB regarding MD simulations at the level of the mean
electrostatic potential, despite the significant differences shown by
the corresponding radial distribution functions in Figs. 4 and 6.
This striking feature might explain why the DLVO theory has been
very successful to model the force and the potential of mean force
between macroions in weakly charged colloidal solutions in the
presence of monovalent salts.

The behavior of the integrated charge, P(r), and the mean
electrostatic potential, ψ(r), as a function of the distance for sev-
eral added salt concentrations, according to the HNC/MSA the-
ory proposed in this work, are shown in Fig. 9. These quantities
that correspond to the SF, AS, AS-S1, and AS-S2 radial distribu-
tion functions are displayed in Figs. 5 and 7. Here, it is observed
that Pb

1(r) < Pa
1(r) and ψb

1(r) < ψa
1(r) if the added salt concentra-

tion in the system b is larger than the added salt concentration
in the system a, that is if the ionic strength in the system b is
larger regarding the system a. Moreover, the mean electrostatic
potential and the integrated charge decrease monotonically as a
function of the distance near the colloidal surface. Note that these
electrostatic properties cannot be calculated by effective DLVO-
like colloid-colloid interaction potentials.1–3,34 This is perhaps one
of the main advantages of the theoretical formalism proposed in
the present work.

VI. CONCLUSIONS
A theoretical finite element description of the ionic profiles

of a mixture of n species around a spherical macroion, with arbi-
trary size and charge asymmetries, has been proposed in this work.
Ion correlations and ionic excluded volume effects are taken into
account in the Ornstein–Zernike integral equations theory solved
via the hybrid hypernetted chain/mean spherical approximation
(HNC/MSA) closure. The classical non-linear Poisson–Boltzmann
theory for n ionic species—with different ionic closest approach dis-
tances to the colloidal surface—is recovered from the HNC/MSA
theory as a limit case. To illustrate the accuracy of this theoretical
formulation, the electrical double layer of an electroneutral mixture
of oppositely charged colloids and small ions, highly asymmetric
in size and valence, has been studied in salt-free and added salt
environments. Our theoretical formalism has displayed very good
agreement regarding the ionic profiles obtained from molecular
dynamics simulations with explicit small-sized ions. Interestingly, it
has been observed that although the non-linear Poisson–Boltzmann
colloid–colloid and colloid–ion profiles differ notably from those
obtained via simulations with explicit ions, the associated mean elec-
trostatic potential agrees well with the corresponding data associated
with SF and AS simulations in the presence of explicit small–sized
ions.

Regarding the parameter ranges in which the theoretical
approaches used in this work should provide accurate results in
comparison with primitive model simulations, we would like to
mention that ion correlations and ionic excluded volume effects
are not taken into account in the non-linear Poisson–Boltzmann
equation. As a result, it is expected that the NLPB theory breaks
down in the presence of colloidal particles at large volume frac-
tions and/or high colloidal surface charge densities, far from the

ideal gas regime. Regarding the adequacy of HNC-based integral
equations to describe the kind of Coulombic fluids considered here,
we recall that the approximate closures involved in the HNC/MSA
and HNC/HNC formalisms most likely result in some limitations
of these theories. More specifically, in the case of HNC/HNC, it
is well known the inexistence of numerical solutions for this inte-
gral equation in some regions of the parameter space of primitive
model systems,29,61 and besides, there is the occurrence of spuri-
ous peaks in the pair distribution function for ions of the same
species.62–64 On the other hand, the HNC/MSA formalism predicts
an inaccurate potential–charge relationship for very highly charged
electrical double layers (≳0.44 C/m2)65 and, also, fails to exhibit a
potential of zero charge in the case of double layers with valence-
asymmetric restricted primitive model electrolytes.26 At all events,
the performance of any theoretical description of charged fluids
must be evaluated case by case, and in particular, the diverse com-
parisons reported in this work evidence a very good concordance
between the predictions of our new HNC/MSA account of a mix-
ture of n ionic species with arbitrary size and charge asymmetries
and the corresponding computer simulations. In addition, we would
like to emphasize the notable power of the present treatment, since,
in principle, it allows us to deal with systems composed of an arbi-
trary number of ionic species. Here, and just as an example, we have
considered up to six species, but in practice, the limitations of our
scheme are only those imposed by the capabilities of the hardware
employed.

The theoretical radial distribution functions obtained from this
general HNC/MSA framework could be used as an input for sophis-
ticated electrophoresis theories in which hydrodynamic and ionic
relaxation effects are taken into account.66–69

Another interesting extension of the present work is the pos-
sibility of obtaining the explicit generalization of the HNC/MSA
theory for n species, with arbitrary asymmetry in size and valence,
in planar geometry. This could be achieved by inflating the central
macroion to reach the planar limit when the macroion radius goes
to infinity. To our best knowledge, this formulation has not been
reported in the literature using the HNC/MSA hybrid closure. Such
a framework could be very useful to model, for instance, charged
membranes, lipid bilayers, or electrical double-layer supercapacitors
or batteries in the presence of Coulombic fluids.5,20–22,24,30,70–72 Work
along this line is currently in progress, and it will be published soon
elsewhere.

SUPPLEMENTARY MATERIAL

The behavior of the repulsive-core and bare Coulomb poten-
tials used in the molecular dynamics simulations presented in this
study are portrayed in the supplementary material document (as
a function of the distance) for typical colloid-colloid, colloid-ion,
and ion-ion pair interaction potentials. In addition, in order to
corroborate that the theory presented in this paper was correctly
implemented, we have compared the results produced by our com-
putational finite element implementation with previous HNC/MSA
published data for two systems: one constituted by size-asymmetric
ions around a central macroion,4 and another one containing identi-
cal macroions at finite concentration in the presence of equally sized
small ions at a volume fraction 0.24.32
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APPENDIX A: THE MSA DIRECT CORRELATION
FUNCTIONS

If the average of the sum and difference of the ionic
diameters of species i and j are defined as Rij = (Rj + Ri)/2 and λij
= (Rj − Ri)/2, respectively, and considering that Ri ≤ Rj, the MSA
direct correlation functions can be written, in terms of s = ∣r⃗ − t⃗ ∣
=
√

r2 + t2 − 2rt cos θ, as the sum of an electrostatic and a hard
sphere contribution,73–76

cMSA
ij (s) = chs

ij (s) + celec
ij (s), (A1)

where

chs
ij (s) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if Rij ≤ s,
−pijs−1 − qij − vijs −ws3 if λij ≤ s < Rij

−qi if 0 ≤ s < λij ,

, (A2)

with

pij = −
λ2

ij

2
(A + 2BRij + CR2

ij), (A3)

qij =
qi + qj

2
, (A4)

vij =
vi + vj

2
, (A5)

qi =
1

1 − Υ3
+ ARi + BR2

i +
1
3

CR3
i , (A6)

vi = −
1
2
(A + 2BRi + CR2

i ), (A7)

w = 1
2

n

∑
k
ηkqk, (A8)

A = 3
Υ2

(1 − Υ3)2 , (A9)

B = 3[ Υ1

(1 − Υ3)2 +
3Υ2

2

(1 − Υ3)3 ], (A10)

C = 3[ Υ0

(1 − Υ3)2 +
6Υ1Υ2

(1 − Υ3)3 +
9Υ3

2

(1 − Υ3)4 ], (A11)

Υm =
n

∑
k
ηkRm

k , (A12)

ηk =
π
6
ρbulk

k , (A13)

and

celec
ij (s) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−zizjλB s−1 if Rij ≤ s,
α0s−1 + α1 + α2s + α3s3 if λij ≤ s < Rij

β0 if 0 ≤ s < λij ,

, (A14)

where λB = βe2
0/(4πε0εr) is the Bjerrum length and

ω = e2
0β

4πεrε0
(A15)

β0 = 2ω[ziNj − XiRiχ +
R3

i

3
χ2], (A16)

α0 = ωλ2
ij{(Xi + Xj)χ − [(Rijχ)2 −NiNj]}, (A17)

α1 = ω{
χ2

3
[R3

i + R3
j] − (Xi − Xj)(Ni −Nj)

− (X2
i + X2

j)Γ − 2RijNiNj}, (A18)

α2 = ω{(Xi + Xj)χ +NiNj −
χ2

2
(R2

i + R2
j)}, (A19)

α3 = ω
χ2

3
, (A20)

Xk =
zk + R2

kχ
1 + ΓRk

, (A21)

Nk =
Rkχ − zkΓ
1 + ΓRk

, (A22)

J. Chem. Phys. 158, 224111 (2023); doi: 10.1063/5.0151140 158, 224111-13

Published under an exclusive license by AIP Publishing

 15 August 2023 14:56:31

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

(A23)

(A24)

where the parameter Γ is found by solving the following non-linear
equation,

Γ2 = πωD(Γ) = πω
n

∑
k=1

ρbulk
k X2

k. (A25)

Thus, the MSA direct correlation function can be
written as

cMSA
ij (s) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−zizjλB s−1 if Rij ≤ s,
(α0 − pij)s−1 + (α1 − qij) + (α2 − vij)s + (α3 −w)s3 if λij ≤ s < Rij

β0 − qi if 0 ≤ s < λij.

, (A26)

Please note that in the definition of the coefficients qi and β0
[Eqs. (A6) and (A16), respectively], the subscript i indicates that we
are considering the smallest particle species between i and j, which
in this case is i, given that we are considering here that Ri ≤ Rj.

APPENDIX B: DEFINITION OF THE ϑℓj MATRIX

Considering that Rℓ ≤ Rj, the direct correlation function
defined in Eq. (A26) can be equivalently written as

(B1)
where

(B2)

In order to ease the matrix formulation of the HNC/MSA
theory, let us define the matrix of real coefficients,

(B3)

then ϑℓj(u, v) can be defined as

(B4)

for v = 1, . . . , 5. In this formulation, the coefficients ϑℓj(u, v) are real
numbers that do not depend explicitly on s, even though the value
of s in the three-dimensional space determines the value of the u, v
component of the ϑℓj matrix.
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