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Monte Carlo simulations of a spherical macroion, surrounded by a size-asymmetric electrolyte in the primi-
tive model, were performed. We considered 1:1 and 2:2 salts with a size ratio of 2 �i.e., with coions twice the
size of counterions�, for several surface charge densities of the macrosphere. The radial distribution functions,
electrostatic potential in all the space and at the Helmholtz surfaces, and integrated charge are reported. We
compare these simulational data with original results obtained from the Ornstein-Zernike integral equation,
supplemented by the hypernetted chain–hypernetted chain �HNC-HNC� and hypernetted chain–mean spherical
approximation �HNC-MSA� closures, and with the corresponding calculations using the modified Gouy-
Chapman and unequal-radius modified Gouy-Chapman theories. The HNC-HNC and HNC-MSA integral
equations formalisms show good concordance with Monte Carlo “experiments,” whereas the notable limita-
tions of point-ion approaches are evidenced. Most importantly, the simulations confirm our previous theoretical
predictions of the nondominance of the counterions in the size-asymmetric spherical electrical double layer �J.
Chem. Phys. 123, 034703 �2005��, the appearance of anomalous curvatures at the outer Helmholtz plane, and
the enhancement of the charge reversal and screening at high colloidal surface charge densities due to the ionic
size asymmetry.
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I. INTRODUCTION

The study of charged colloidal solutions is very relevant
for both basic research and technology due to the ubiquitous
nature of these systems �1–9�. Accordingly, the attainment of
a successful theoretical description of such state of matter
should represent a keystone for later developments in colloid
science. For many years, the scientific community has inves-
tigated the structural characteristics of these materials, trying
to understand the role of the electrostatic and entropic corre-
lations in their observable properties. In particular, the inter-
est in charged suspensions has prompted the burgeoning of
unprecedented experimental techniques and of numeric and
statistical mechanics approaches of increasing complexity.
On the theoretical side, and in spite of the notorious progress
in the speed of machine calculations, at present, it is not yet
possible to mimic a real dispersion without making several
and important simplifications in order to establish a tractable
problem. Thus, for example, one of the most elemental ide-
alizations of a diluted charged colloidal suspension is the
combination of the cell and primitive models. Within this
scheme, the average distance between nonconcentrated mac-
roions bathed by an electrolyte is very large, and therefore it
is expected that the thermodynamics of the system will de-
pend mainly on the ionic structure, or electrical double layer
�EDL�, around a single macroparticle enclosed in an electro-
neutral cell. Complementarily, the so-called primitive model
�PM�, in which the ions are treated as hard spheres with
punctual charges embedded in their centers and the solvent is
considered a continuous medium, stands as the most thriving
representation of a multicomponent electrolyte. A particular
case of the PM is the restricted primitive model �RPM�,
where all the ionic species are of equal size. This condition
drastically facilitates the theoretical analysis and, as a conse-
quence, a great amount of work has been performed in the

RPM for the planar �10–15�, cylindrical �16–19�, and spheri-
cal �20–29� double layers. In strong contrast, there are few
articles in which the effects of ionic size asymmetry have
been studied systematically, and these publications focus
chiefly on the planar instance �30–43�.

Certainly, the widespread use of the RPM to examine the
double layer has led to significant advances in the field,
mainly due to its ability to explain a large variety of colloidal
phenomena, and, therefore, has established it as the standard
representation of the EDL. In turn, this adequacy suggests
that the RPM already contains most of the fundamental traits
of a colloidal suspension at the usual conditions of experi-
ments and applications. However, we consider that the lack
of interest in upgrading the model of a double layer so as to
incorporate the effect of ionic size asymmetry stems not only
from the operational advantages and/or from the past success
of the RPM �44� but also has been influenced by the common
belief in the so-called dominance of the counterions in the
EDL. Such credence has its probable origin in a pioneering
Poisson-Boltzmann �PB� study by Valleau and Torrie �30�,
where they stated the following: “…we expect the double
layer properties of a dilute �size-asymmetric� electrolyte to
become similar to those of a completely symmetric electro-
lyte having an effective size equal to that of the counterion.
�This remark will be asymptotically exact for large fields in
the Poisson-Boltzmann theory�….” To be more explicit, in
Ref. �30� a size-asymmetric electrolyte next to an electrified
wall was analyzed via a quasi-point-like ions theory known
as unequal-radius modified Gouy-Chapman �URMGC�,
which in essence is equivalent to the classical nonlinear PB
equation for a binary mixture of punctual ions but with the
assignment of different distances of closest approach �with
respect to the plate� for anions and cations. Therefore, the
remark of counterion dominance, quoted above, was indeed
formulated and proved strictly at the Poisson-Boltzmann
level.
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Notably, during the past years, a great deal of modern
treatments of the EDL have also endorsed the idea that coun-
terions control the properties of highly charged surfaces im-
mersed in both size-symmetric �25,45,46� and size-
asymmetric �33,34,37,38� primitive model �RPM and PM,
respectively� electrolytes. Such agreement, about the domi-
nance of counterions, between the current EDL theories and
the old URMGC picture is remarkable since in all these new
integral equations �33,34,37,45�, density functional �25,38�,
and mean electrostatic potential �46� papers the fundamental
hypothesis of point ions has been surpassed by including
explicitly the hard-core and electrostatic correlations ne-
glected in the plain PB theory. Notwithstanding, it must be
noted that in the cited beyond-PB surveys the “confirmation”
of the leading role of counterions has been based in studies
of either charge-asymmetric RPM electrical double layers at
low or moderate surface charges �45� or, else, of size-
asymmetric systems near the point of zero charge �PZC�
�33,37,45�. In other words, therein the original conclusion of
the preponderance of counterions in the EDL at high electric
fields has not been really tested.

In this context, recently, some of the present authors have
reported a theoretical investigation of the size-asymmetric
spherical electrical double layer �SEDL� �39�, where it was
found that, contrary to the accepted opinion, for large mac-
rosphere’s charge densities the counterions do not dominate.
As a matter of fact, coions are so important that their size can
induce drastic correlations that bring forth considerable
changes in the EDL’s potential-charge relationship and the
surge of the charge reversal phenomenon in monovalent
salts. Remarkably, in the same Ref. �39�, the correctness of
the novel hypernetted chain–mean spherical approximation
�HNC-MSA� account of the size-asymmetric SEDL was al-
ready verified, at the level of the radial distribution functions
�RDFs�, after comparing favorably a few Monte Carlo �MC�
and molecular-dynamics simulations of the ionic density pro-
files with the corresponding HNC-MSA integral equation re-
sults. Nevertheless, even if this positive checking of the
HNC-MSA RDFs foresees that other ensuing theoretical pre-
dictions �e.g., the nondominance of the counterions and the
anomalous behavior of the electrostatic potential at the outer
Helmholtz plane� could be true, it would be beneficial to
have a specific and more exhaustive delving of these new
features by means of refined computer “experiments” and/or
alternative theories �i.e., integral equations, density function-
als, or mean electrostatic potential schemes�. Precisely, the
primary objective of this communication is to extend the
research of the size-asymmetric SEDL of Ref. �39� by pro-
viding fresh and comprehensive simulational and theoretical
information that corroborates the enhancement of the neu-
tralization and the screening previously found by the theory
and, principally, the nondominance of counterions at high
colloidal charges.

The structure of this paper is as follows: the molecular
model of the SEDL, theories and Monte Carlo simulations
are described in Sec. II. In Sec. III A the partial effects of the
electrolytic size asymmetry in the nonlinear Poisson-
Boltzmann scheme, via the URMGC approach, are dis-
cussed, in order to establish a stand point to later compare
and discuss �in Sec. III B� the role of the ionic size and size

asymmetry when these features are included consistently in
the Monte Carlo simulations and in the integral equations
theory �i.e., the HNC-MSA and HNC-HNC formalisms�. To
end, a summary of the main findings and some concluding
remarks are given in Sec. IV.

II. MODEL AND THEORY

A. Molecular model

The main results of this paper are based on the following
representation of the spherical electrical double layer: we
consider a rigid, charged spherical colloid of diameter D and
surface charge density �0, surrounded by a continuum sol-
vent of dielectric constant �. The macroion is in contact with
two ionic species, which are treated as hard spheres of diam-
eters Ri�i=1,2� with embedded point charges of valences zi
at their centers. Without loss of generality, we consider that
R2�R1. The interaction potential between the macroion, M,
and an ion of type i is then given by

UMi�r� =�� , r �
D + Ri

2
,

zie�D

2
�2

�0

�0�r
,

r �
D + Ri

2
,� �1�

where e is the protonic charge and �0 is the vacuum permit-
tivity. In turn, the interaction potential between two ions of
species i and j is given by

Uij�r� = �� , r �
Ri + Rj

2
,

zizje
2

4��0�r
, r �

Ri + Rj

2
.� �2�

In the classic literature, the Stern layer or, more properly,
the Helmholtz surface is the geometrical place corresponding
to the closest approach distance between the electrolyte ions
and the colloid. If we consider an electrolyte formed by a
pair of ionic species of unequal size, the inner Helmholtz
plane �IHP� is determined by �D+R1� /2, i.e., by the closest
approach distance of the smallest component to the surface,
whereas the outer Helmholtz plane �OHP� is established by
�D+R2� /2, which corresponds to the distance of closest ap-
proach for the largest species. The reader should note the
conventional use of the word “plane.” In the limit of identi-
cal sizes the IHP and OHP coincide and the usual definition
of the Helmholtz plane is recovered.

B. HNC-HNC and HNC-MSA integral equations
for the PM-SEDL

The structural properties of the electrical double layer can
be obtained from the Ornstein-Zernike equation for a multi-
component mixture of S species, which is
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hij�r12� = cij�r12� + 	
l=1

S

�l
 hil�r13�clj�r32�dV3, �3�

where �l is the bulk number density of each one of the spe-
cies in the system, r12 and hij�r12� are, respectively, the dis-
tance and the total correlation function between two particles
of types i and j, gij�r12�=hij�r12�+1 is the radial distribution
function, and clj�r32� is the direct correlation function be-
tween two particles of types l and j, located at a distance r32.

The set of Eq. �3� requires a second relation, or closure,
for the functions hij�r� and cij�r�. In charged systems, the
HNC and MSA closures are widely used. For rij �Rij, such
that Rij = �Ri+Rj� /2, these relations are given by

cij�r12� = − �Uij�r12� + hij�r12� − ln�hij�r12� + 1� , �4�

for HNC, and

cij�r12� = − �Uij�r12� , �5�

for MSA, with i , j=1,2 . . . ,S and �=1 /kBT �where kB is the
Boltzmann constant and T is the absolute temperature�.
These expressions are complemented by the exact condition
for the hard core: hij =−1, when rij �Rij.

Let us consider that the species S corresponds to macro-
ions at infinite dilution in a binary electrolyte. Then Eq. �3�
for species S��M� and j can be written as

hMj�r12� = cMj�r12� + 	
l=1

2

�l
 hMl�r13�clj�r32�dV3, �6�

for j=1,2. When Eq. �4� is used in Eq. �6� for both cMj�r�
and clj�r� the HNC-HNC integral equation is obtained for the
SEDL. Besides, if Eq. �4� is employed in Eq. �6� only for
cMj�r�, and the clj�r� are approximated by the corresponding
MSA bulk expressions, the HNC-MSA integral equation is
established. The details of these integral equations formal-
isms can be consulted elsewhere �20,39,47� and will not be
repeated here. However, it is important to mention that both
schemes satisfy the global electroneutrality condition.

As a special case of HNC-MSA, if R1=R2=0 in Eq. �2�,
and R1�0 and R2�0 in Eq. �1�, this equation reduces to the
integral equation version of the nonlinear Poisson-
Boltzmann equation with the Stern correction �39�,

�2	�r� = −
1

�0�
	
i=1

2

zie�i exp�− zie	�r�/kBT� , �7�

where 	�r� is the mean electrostatic potential. When R1 and
R2 are equal in Eq. �1�, Eq. �7� is the so-called modified
Gouy Chapman equation �MGC�. On the contrary, if R1 and
R2 are different in Eq. �1�, the nonlinear PB equation corre-
sponds to the unequal-radius MGC equation �30�. Notice that
in these quasi-point-like ions theories the ionic size is taken
into account only partially at the level of a closest approach
distance between the macroion and the ions. Contrastingly, in
the Monte Carlo simulations and in the HNC-MSA and
HNC-HNC integral equations the ionic size and size asym-
metry are incorporated, consistently, via the primitive model.

To better understand and characterize the behavior of the
SEDL in the presence of electrolytic size asymmetry, from

the radial distribution functions, gij�r�, it is possible to cal-
culate two important quantities, namely, the integrated
charge �IC�

P�r� = zM + 	
i=1

2 

0

r

zi�igi�t�4�t2dt , �8�

and the mean electrostatic potential �MEP�

	�r� =
e

4��0�



r

� P�t�
t2 dt . �9�

When the MEP is evaluated at r= �D+R1� /2 Eq. �9� corre-
sponds to the MEP at the IHP, which we denote as 	IHP. On
the other side, if Eq. �9� is calculated at r= �D+R2� /2 the
MEP at the OHP, 	OHP, is obtained.

With respect to the IC, this quantity is a measure of the
total net charge inside a sphere of radius r centered in the
macroion. Then, if D /2
r
 �D+R1� /2 the IC is equal to
zM, whereas for r→� this quantity goes to zero because of
the electroneutrality condition. Furthermore, the IC has also
the property of indicating charge reversal if P�r�zM �0 �i.e.,
when there is an ovecompensation of the macroion’s bare
charge by the adsorbed counterions�.

C. Numerical simulations

Monte Carlo simulations of the SEDL were performed
considering a cubic box with a macroion fixed at the center
under periodic boundaries. Due to the electroneutrality con-
dition the following relation was satisfied:

N−z− + N+z+ + zM = 0, �10�

where N− and z− are the number of ions and the valence of
the negative species, respectively, N+ and z+ are the number
of ions and the valence corresponding to the positive species,
and zM is the valence of the macroion, which is related to the
surface charge density as �0=zMe /�D2.

In order to take into account the long-range nature of the
coulombic potential, the Ewald sums scheme was adopted,
using conducting boundary conditions �48,49�. The damping
constant � was set to �=5 /L and the vectors in the k-space
employed to compute the reciprocal space contribution to the
energy satisfied the condition k
5. The length L of the
simulation box was assigned considering a total number of
ions Nt=N−+N+�1000. After Nt attempts to move an arbi-
trary ion a Monte Carlo cycle is counted. The thermalization
process consisted of 2�104 MC cycles, and from 2�106

�for high zM values� to 6�106 �for low zM values� MC
cycles were completed in order to calculate the canonical
average.

III. RESULTS AND DISCUSSION

A. Role of the ionic size asymmetry in the PB scheme

Physically, in the MGC and URMGC equations the ionic
size is considered just partially since the electrolytic ions are
allowed to be near the macroion only up to a closest ap-
proach distance for each species, whereas the ions interact
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among them as charged points. Thus, the MGC and URMGC
equations correspond to the simplest manner in which the
effects of the ionic size and the size asymmetry can be stud-
ied in the EDL, as it was done by Valleau et al. in the 1980s
for the planar instance �30�. Notwithstanding, although UR-
MGC represented a step beyond MGC, when the ionic size
and, in particular, the ionic size asymmetry is fully taken into
account �as occurs in the MC simulations and in the HNC-
MSA and HNC-HNC integral equations� new features absent
in the PB picture emerge. Therefore, in order to later com-
pare and discuss the consequences of a complete consider-
ation of ionic size asymmetry in the SEDL, we will begin
with a brief review of the effects of size asymmetry in the
URMGC approach, where the excluded volume effects are
embodied uniquely in the colloid-ion interactions. Thus, let
us first study a spherical macroion of diameter D=20 Å and
variable surface charge density �0, surrounded by a 1:1, 1M
electrolyte, in a continuum solvent of dielectric constant �
=78.5 at a temperature T=298 K. In the size-symmetric case
�i.e., for the MGC theory� the maximum approach distance
to the colloidal surface for both electrolytic species is
2.125 Å, whereas in the size-asymmetric �i.e., for the UR-
MGC theory� is 2.125 Å for anions and 4.25 Å for cations.
Since in this paper we will consider only �0�0 values, in
both instances the counterions have the same properties, be-
ing the size of the coions the unique difference between the
MGC and URMGC systems.

In Fig. 1 we compare the RDFs, ICs, and MEPs curves
associated to the size-symmetric and size-asymmetric cases,
when the valence of the macroion is zM =4��0

=0.05 C /m2�. At the level of the RDFs, in Fig. 1�a� it is
observed that the MGC profiles for the size-symmetric case
enclose the RDFs of the size-asymmetric electrolyte corre-
sponding to URMGC. Besides, from Figs. 1�b� and 1�c� it is
seen that in URMGC the region not allowed to the big cat-
ions, but accessible to the small anions, contributes signifi-
cantly to the increase of the electrostatic screening and the
neutralization of the colloidal charge when contrasted with
the MGC theory �notice that P�r�URMGC
 P�r�MGC and
	�r�URMGC
	�r�MGC for all the distances plotted�. These
differences in the RDFs, ICs, and MEPs are expected to aug-
ment if zM decreases, with the largest dissimilarities occur-
ring precisely at the point of zero charge �PZC�, i.e., when
zM =0. Additionally, for z:z salts at the PZC we foresee a
MEP equal to zero at the closest approach distance of the
anions in the MGC results and an electrostatic potential dif-
ferent from zero for URMGC at the same distance. This
happens in MGC because the contribution of the anions to
the electrostatic potential is cancelled exactly by that of the
cations, given that the RDFs of both species are the same by
symmetry reasons, while in URMGC the small anions ad-
sorbed between the Helmholtz planes �where there are no big
cations� determine the sign of the 	IHP. Notice that the above
arguments are valid also when the ionic size asymmetry is
taken into account consistently, as occurs in the PM �e.g., see
the 	IHP results at the PZC for URMGC, MC, and IEs theo-
ries in Figs. 3 and 4�.

On the other hand, if zM increases �see Fig. 2� and there
are no crossings between the RDFs of counterions and
coions for either MGC or URMGC then the MGC curves are
the limit of URMGC profiles when zM →�, due again to the
electroneutrality condition. Such phenomenon has been al-
ready discussed in �39�. Thus, even if, strictly, the MGC and
URMGC profiles should not be the same for high zM values
�because there is always a region between the Helmholtz
planes accessible for the small coions in MGC, but not al-
lowed to the big coions in URMGC, see Fig. 2�a��, the struc-

0.5

1

1.5

2
g M

j(r
’)

0.5

1

1.5

2

0.5 1 1.5 2 2.5
r’ / R

0

5

10

15

ψ
(r

’)
[m

V
]

0

10

0.5 1 1.5 2 2.5
r’ / R

0

1

2

3

4

P(
r’

)

0

(a)
(b)

(c)

FIG. 1. �Color online� Radial distribution functions, integrated
charge, and mean electrostatic potential of size-symmetric and size-
asymmetric 1:1, 1M salts around a charged macroion of valence
zM =4��0=0.05 C /m2� and diameter D=20 Å in the PB approach.
In the URMGC theory the surface-ion closest approach distance is
2.125 Å for anions and 4.25 Å for cations, whereas in MGC is
2.125 Å for both species. The solid and dashed lines correspond to
the URMGC and MGC theories, respectively. The distance r� is
measured from the macroion’s surface.
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tural properties of the EDL �as P�r� and 	�r�� are indeed
very similar, as can be observed in Figs. 2�b� and 2�c�. Con-
sequently, very far from the PZC the properties of the spheri-
cal EDL are expected to be practically the same for URMGC
and MGC because the difference between their RDFs be-
comes negligible and the counterions are the same in both
cases. This last coincidence between URMGC and MGC is
precisely the so-called dominance of counterions in the
spherical EDL and will be of decisive importance in the cor-
responding potential-charge relationship, as it will be shown
later.

In summary, in this section we showed that, near the PZC,
one of the main differences between size-symmetric and
size-asymmetric EDLs in the PB viewpoint is the increment
in the charge neutralization and the electrostatic screening
predicted by URMGC with respect to MGC. On the other
hand, for very high surface charge densities the structural
properties of the SEDL are expected to be practically the
same, leading to the dominance of counterions in the quasi-
point-like ions description �i.e., in MGC and URMGC�.

B. Role of the ionic size asymmetry in the primitive model:
MC simulations and HNC-HNC and HNC-MSA results

Now, in this section we will show comprehensive MC
data and integral equations �IE� results in which the ionic
size and size asymmetry are taken into account consistently

in the Eqs. �1� and �2� �and not only at the macroion-ion
level as it was done in the nonlinear PB equation of Sec.
III A� in order to display the effects in the SEDL due to a
more realistic treatment of size-symmetric and size-
asymmetric salts.

In all the following simulations and theoretical calcula-
tions of the PM and RPM spherical electrical double layer
we considered a macroion of diameter D=20 Å and �0�0,
immersed in a continuum solvent of dielectric constant �
=78.5 at a temperature T=298 K, in the presence of a binary
electrolyte. In the primitive model �PM� the diameter of the
counterions is R−=4.25 Å and the diameter of the coions is
the double, i.e., R+=8.5 Å, and for the restricted primitive
model �RPM� the size of both species is the same of the
counterions in the PM, i.e., R−=R+=4.25 Å. Notice that the
chosen diameter of the macroion and the ionic size asymme-
try correspond to values that emphasize the spherical geom-
etry of the EDL and that have been typically used in previous
works �36,39,50,51�.

In order to compare adequately the results of the simula-
tions and those of the different theoretical approaches �i.e.,
HNC-HNC, HNC-MSA, MGC, and URMGC�, we introduce
the notions of the closest approach distance between the
macroion and an ion of species i, di, and of the closest ap-
proach distance between two ions of species i and j, dij. The
corresponding definition in each case is summarized as

di =�
d− =

D + R−

2
and d+ =

D + R+

2
, for MCPM, HNC-MSAPM,

HNC-HNCPM, and URMGC;

d− = d+ =
D + R−

2
, for MCRPM, HNC-MSARPM,

HNC-HNCRPM, and MGC;

� �11�

dij =�
d−− = R− and d++ = R+, for MCPM, HNC-MSAPM, and HNC-HNCPM;

d−+ = d+− =
R− + R+

2
, for MCPM, HNC-MSAPM, and HNC-HNCPM;

d−− = d++ = d−+ = d+− = R−, for MCRPM, HNC-MSARPM, and HNC-HNCRPM;

d−− = d++ = d−+ = d+− = 0, for URMGC and MGC.
� �12�

Very importantly, the mean electrostatic potential near the
surface of the macroion is frequently associated with the so-
called electrokinetic potential at the shear plane �or the zeta
potential, � �4�. Such quantity is very relevant in colloidal
studies since it is experimentally measurable and allows to
analyze concisely the behavior of the SEDL, as a function of
the colloidal charge, in a single potential-charge plot. Fur-
thermore, the zeta potential is often used in physical chem-
istry to characterize the macroscopic properties and the sta-
bility of charged colloidal dispersions �5,6�. Given that, in

the past, the 	IHP or the 	OHP have been identified with , we
start by showing the 	-�0 curves at the IHP and at the OHP
for our PM systems. In Fig. 3 MC simulations of the mean
electrostatic potential at the IHP, for a 1 M, 1:1 electrolyte, in
the PM and the RPM are shown. There, the first notable
feature is the merging of the MGC and URMGC curves for
high �0 values. Precisely, this asymptotic conduct illustrates
the dominance of counterions at the level of the 	-�0 rela-
tionship. Besides, in this figure it is seen that the maximum
difference between the MEPs corresponding to MGC and
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URMGC happens precisely at the PZC, as pointed out in
Sec. III A. In strong contrast, the most evident characteristic
displayed by the simulational data of 	IHP for the size-
symmetric �RPM� and size-asymmetric �PM� instances is
that these curves do not merge into a single curve when �0
augments. This confirms that the counterions do not always
dominate the EDL far from the PZC, or, in other words,
exemplify the importance of the size of the coions at high
colloidal charges, as it was theoretically predicted in Ref.
�39�. Additionally, the simulational data show that 	IHP is not
zero at the PZC for the size-asymmetric electrolyte. Clearly,
such behavior is due to the fact that the small negative ions
are allowed to be closer to the surface than the big positive
ions, i.e., for �0=0 the negative sign of the 	IHP results from
the size asymmetry of the 1:1 electrolyte. Interestingly,
analogous results have been theoretically predicted for the
RPM planar EDL of charge-asymmetric species �52,46�.
However, those data have not been confirmed simulationally.
With respect to the performance of the integral equation
theories in the RPM, it is remarkable that both the HNC-
HNC and HNC-MSA theories agree with the simulation
data; notwithstanding, for the PM case, HNC-HNC follows
the MC curves in a closer way than HNC-MSA.

In addition, in Fig. 3 the MC simulations and integral
equations for the PM electrical double layer predict a larger

value of �0 for which the negative sign of 	IHP changes to
positive than that corresponding to URMGC. This exemplify
again the importance of the entropic contributions in the ad-
sorption of counterions between the Helmholtz planes when
the ionic size correlations are considered consistently �as oc-
curs in the MC simulations and IEs�, in contrast with its
partial inclusion, when only different approach distances in
the macroion-ion interaction are considered �as in the UR-
MGC theory�, which neglects ionic excluded volume effects
outside of the OHP. Another phenomenon observed in Fig. 3
is that 	��0�PM�	��0�RPM at the IHP for all �0 values plot-
ted. Near the point of zero charge this is explained, in the
PM, in terms of the adsorption of negative counterions that
are not neutralized by the big coions, as it happens in the
RPM case. When �0 augments, the positive bare charge
overcomes the contribution of the negative counterions near
the macroion’s surface and the MEP’s sign changes from
negative to positive as it was mentioned above. Nevertheless,
for all the �0 values displayed the counterions in the PM
provide an extra screening which is not present in the RPM,
which leads to the 	��0�PM�	��0�RPM condition. Moreover,
in the monovalent case of the PM this extra screening can be
related not only with a higher adsorption of negative coun-
terions with respect to the RPM but also with the presence of
charge reversal, that is absent in the RPM. This behavior will
be clarified later when we present the corresponding P�r�
profiles.

With the purpose of performing a more stringent test for
the theories, in Fig. 4 we present MC simulations of the MEP
at the IHP for a 0.5 M, 2:2 electrolyte in the PM and the
RPM. In this instance, the features already observed in the
simulations of monovalent ions are accentuated. In particu-
lar, the most important finding is the corroboration of the
nondominance of counterions for divalent ions. In addition,
in the size-asymmetric case a very strong adsorption of nega-
tive counterions in the PM is also observed. The importance
of excluded volume effects is evinced by noticing that near
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FIG. 3. �Color online� Mean electrostatic potential at the IHP as
a function of the surface charge density �0, for a 1:1, 1M electrolyte
around a macroion of diameter D=20 Å. The simulations results
were calculated for zM =0, 4, 8, 12, 16, 20, 24, 28, and 32. The
diameters of the ionic species in the PM are R−=4.25 Å and R+

=8.5 Å. In the RPM, the ionic diameters are equal to that of the
counterions in the PM, i.e., 4.25 Å. The triangles and the circles
correspond to Monte Carlo simulation results in the primitive
model, MCPM, and in the restricted primitive model, MCRPM, re-
spectively. The dotted and solid lines correspond to HNC-MSAPM

and HNC-MSARPM, and the dot-dashed and dashed lines are asso-
ciated to HNC-HNCPM and HNC-HNCRPM, respectively. The
dashed line with multiplication symbols denotes URMGC and the
dotted line with plus symbols is for MGC.
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the PZC the interval of �0 for which the 	IHP is negative is
larger for MC simulations and IE theories than for URMGC.
Furthermore, in the PM, when �0 increases the 	IHP for MC
and the IEs reaches a positive maximum, and for even larger
values of the surface charge 	��0�PM becomes negative
again. On the other side, the appearance of a maximum in the
	��0� plot for the RPM is related to presence of charge re-
versal. Besides, the earlier MEP’s change of sign in the MC
simulations for the PM after the positive maximum suggests
an extra adsorption of counterions with respect to the RPM
case, i.e., it is expected an accentuated charge reversal that
screens more strongly the positive bare charge of the macro-
ion for high �0 values. This behavior will be clearly exhib-
ited later in the corresponding P�r� profiles. Interestingly, in
the PM case, the simulational evidence of the reentrance in
the sign of the MEP for divalent ions, i.e., the double change
of sign of 	IHP, suggests the possibility of observing a cor-
responding reentrance in the experimental electrophoretic
mobility, �, if the Smolouchowski limit ��=� /�, with �
being the viscosity� is valid, as it had been theoretically an-
ticipated by HNC-MSA for a larger macroion �39�. In turn,
this means that the ionic size asymmetry could cause a re-
versed mobility in the motion of a macroion in an electro-
phoresis experiment near the PZC, a posterior return to the
“correct” direction when its surface charge density augments,
and a final inversion of its movement at high �0 values.
Notice also that for the size-asymmetric instance HNC-HNC
shows a better agreement with the simulation data than
HNC-MSA for low colloidal charges �when �0

0.16 C /m2 approximately�. Contrastingly, for high sur-
face charge densities ��0�0.16 C /m2� the opposite behav-
ior is observed, i.e., a substantial deviation from the MC data
is displayed by HNC-HNC, which contrasts with the good
accordance shown by HNC-MSA. This conduct is remark-
able since, for high colloidal charges and high entropic-
electrostatic ionic correlations, in the divalent case HNC-
MSA is better than HNC-HNC, in opposition to the univalent
instance.

In Fig. 5 the simulational results of the MEP at the OHP,
	OHP, for the PM monovalent and divalent salts are plotted.
As we said before, the importance of the study of these
curves arises from the fact that the 	OHP could be identified
sometimes with the zeta potential ��. In Fig. 5�a�, which
corresponds to the 1:1, 1M electrolyte, a nonmonotonic be-
havior of such MEP as a function of �0 is observed for the
simulations. This conduct is reproduced correctly by the IE
theories, with HNC-HNC showing better agreement than
HNC-MSA. Contrastingly, URMGC presents a monotonic
behavior, which differs completely from the simulation data,
and predicts larger values of the electrostatic potential for
high �0. The simulational results of 	OHP for the 2:2, 0.5M
electrolyte are portrayed in Fig. 5�b�. Here, in the MC simu-
lations it is observed that, for any value of �0, the 	OHP is
negative and decreases monotonically as a function of �0. A
similar curvature has been theoretically predicted in the
RPM spherical EDL by one of the present authors for a mac-
roion of diameter D=80 Å immersed in a 2:2, 0.5M electro-
lyte of ionic diameter equal to 7 Å �24�, at approximately
the same volume fraction used here in our PM. Thus, the
simulational results presented in this work corroborate that

such anomalous curvatures in the MEP, at high ionic volume
fractions, are a real feature in the primitive model. This phe-
nomenon, by itself, is interesting from the theoretical point
of view �53–55�, but could also be relevant in the description
of some nonintuitive attributes of double layer systems re-
cently studied, such as the occurrence of negative differential
capacitances �55–60�. Once again, the whole behavior dis-
played by the simulations is well captured by the IE theories,
although now HNC-MSA is closer to the simulations than
HNC-HNC. Contrastingly, URMGC exhibits a monotonic
behavior, in which the MEP increases as a function of �0, as
occurred in the 1:1 instance.

As it was noticed for the 	��0� relationship, one of the
consequences of the ionic size asymmetry in the PM electri-
cal double layer is the enhancement of the charge neutraliza-
tion and the electrostatic screening at high surface charges.
To illustrate this in terms of the ionic charge adsorption, in
Fig. 6�a� we have plotted the integrated charge profiles for
the 1:1, 1M electrolyte in the PM and RPM, when the mac-
roion’s valence is zM =24. Here, it is clearly seen that, for
MC and the IEs, the ionic size asymmetry not only promotes
a higher adsorption of counterions, i.e., P�r�PM
 P�r�RPM,
but also that can induce the appearance of charge reversal in
monovalent electrolytes �see the negative minimum at
r� /R−�2 in Fig. 6�a��. Consequently, MC simulations hint
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FIG. 5. �Color online� Mean electrostatic potential at the OHP
as a function of the surface charge density �0, around a macroion of
diameter D=20 Å. The simulation results were calculated for zM

=0, 4, 8, 12, 16, 20, 24, 28, and 32. The diameters of the ionic
species in the PM are R−=4.25 Å and R+=8.5 Å. The triangles
correspond to Monte Carlo simulations. The dotted, dot-dashed and
dashed lines are associated to HNC-MSAPM and HNC-HNCPM, and
URMGC, respectively. In Fig. 5�a� the electrolyte is 1:1, 1 M,
whereas in Fig. 5�b� is 2:2, 0.5 M.
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that charge reversal can occur even in presence of monova-
lent salts whenever the high coupling conditions are present,
i.e., for high electrolyte concentration or large hydration of
the electrolyte. Note that the IE theories reproduce very well
the charge reversal behavior, whereas an incorrect monotonic
decrease of the IC is shown by URMGC.

The overcompensation of the native charge in the PM is
also reflected in the corresponding MEP profiles of MC and
IEs, as can be verified in Fig. 6�b�. In this case the monoto-
nicity of the 	�r�RPM and the nonmonotonic behavior of
	�r�PM can be easily deduced from the corresponding P�r�
profiles �see Fig. 6�a�� and the Eq. �9�. In particular, note that
the condition P�r�PM
 P�r�RPM implies that 	�r�PM

	�r�RPM for the MC simulations and HNC-HNC and
HNC-MSA theories, i.e., to a higher neutralization of the
macroion’s bare charge �as observed in P�r�� a higher
screening in 	�r� is associated.

Finally, in the Fig. 7�a� the corresponding charge adsorp-
tion for 2:2, 0.5M RPM and PM electrolytes as a function of

the distance is displayed when the valence of the macroion is
zM =24. Notice that the integrated charge simulation curve
shows that in the RPM electrical double layer there is charge
reversal, contrasting with the behavior of the 1M monovalent
case previously portrayed, where this feature is absent even
for such high electrolytic concentration. Besides, in the PM
of Fig. 7�a� the charge reversal, already observed in the
RPM, is notably enhanced. This illustrates the fact that the
high electrostatic-entropic coupling conditions for which the
charge reversal appears are less restrictive for multivalent
salts, from which we could expect that for real 1:z systems
the ionic size and/or the ionic size asymmetry �possibly com-
ing from ionic hydration� should become very important
even at moderate salt concentrations in comparison with
monovalent salts, as it has been reported by several experi-
mental works �61–65�. These experiments have shown the
appearance of counterintuitive phenomena such as the repul-
sion of oppositely charged surfaces via AFM measurements
�62,63�, the sign reversal of the effective surface charge in
silica nanochannels using streaming currents �65�, and the
nonmonotonic behavior of the electrophoretic mobility as a
function of the colloidal charge in electrophoresis experi-
ments �61,64�. In all the above phenomenology the ion-ion
correlations play a fundamental role, as it has been proved by
several theoretical and simulational works in the primitive
model �8,10,66–69�.

The MEP curves corresponding to the IC profiles just dis-
cussed are now plotted in Fig. 7�b�. Consistently, the MC
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almost complete coincidence between the URMGC and MGC data.
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simulations and the HNC-HNC and HNC-MSA theories pre-
dict that near the macroion’s surface the screening in the PM
is higher than that in the RPM, with the MEP presenting a
nonmonotonic behavior in both cases. Furthermore, here it is
noticed that the overestimation of the screening in the HNC-
HNC potential profile has its origin in the charge overcom-
pensation displayed by the corresponding P�r� graphed in
Fig. 7�a�.

IV. CONCLUDING REMARKS

Monte Carlo simulations of the primitive model spherical
electrical double layer �SEDL�, in the presence of either
monovalent or divalent salts, were performed and compared
with data of the HNC-HNC and HNC-MSA integral equa-
tions and of the MGC and URMGC quasi-punctual-ions
schemes. One of the most simple manners in which the ionic
size and size asymmetry can be taken into account partially
in the EDL is via the MGC and URMGC approaches, in
which the excluded volume effects are considered solely in
the colloid-ion interactions by means of a closest approach
distance. When size-symmetric and size-asymmetric semi-
punctual SEDLs �i.e., systems with either equal or different
closest approach distances for the otherwise-punctual elec-
trolytic species� with the same type of counterions are con-
sidered by the MGC and URMGC formalisms, respectively,
it was exhibited here that, at low colloidal charges, one of the
main effects of including the ionic size asymmetry in the
URMGC theory is an enhancement of the electrostatic
screening and the neutralization of the colloidal charge with
respect to the MGC �or size-symmetric� instance. On the
other hand, far from the point of zero charge, it was shown
that the RDFs, ICs, and MEPs predicted by the MGC and
URMGC equations displayed always a monotonic comport-
ment, and that the ionic distributions were very similar for all
the values of r �except, perhaps, in the Helmholtz zone�.
However, as �→� the differences between the MGC and
URMGC radial distribution functions, and therefore between
all their concomitant structural and thermodynamic proper-
ties, go asymptotically to zero. This behavior is the so-called
dominance of the counterions.

Contrastingly, when the ionic finite size and size asymme-
try are embodied consistently into the macroparticle-ion and
ion-ion interactions, as occurred in the Monte Carlo �MC�
simulations and the HNC-HNC and HNC-MSA integral
equations, several characteristics absent in the nonlinear
Poisson-Boltzmann data emerge �e.g., the nonmonotonic be-
havior of the RDFs, ICs, and MEPs and the phenomenon of
charge reversal�. Most importantly, our MC simulations of
the primitive model SEDL corroborated the fact that the

ionic size asymmetry augments the colloidal charge neutral-
ization and the electrostatic screening in comparison with the
size-symmetric case even at high values of �0, proving the
nondominance of the counterions in the primitive model
�39�. On the theoretical side, the HNC-HNC and HNC-MSA
integral equations displayed consistent results with MC
simulations, without a notable predominance in the accuracy
between them, whereas MGC and URMGC evidenced the
limitations of the Poisson-Boltzmann theories. Other conse-
quences of the ionic size asymmetry in the SEDL that have
been confirmed by the present numerical simulations and
HNC-HNC and HNC-MSA calculations are the appearance
of charge reversal in monovalent salts and the reentrance of
the mean electrostatic potential at the outer Helmholtz plane
�i.e., the change of sign of the 	OHP from negative to positive
and, then, to negative again when �0 increases from zero� for
divalent salts. If the usual identification between the well-
known electrokinetic zeta potential and the mean electro-
static potential in the neighborhood of the Helmholtz region
is assumed �2,4�, such re-entrance in 	OHP could be of rel-
evance for mobility experiments since it indicates the possi-
bility of observing an alternating direction in the electro-
phoresis of a colloid, as a function of the native
macroparticle’s charge, for multivalent electrolytic baths.
Furthermore, the reported MC simulations have also evinced
that anomalous curvatures can appear at the OHP in the
primitive model SEDL, which could be important for several
recent investigations about nonintuitive phenomena �e.g., the
appearance of negative differential capacitances �55–60�� in
electrolyte-electrode systems. In summary, the data reported
in this paper suggest that the ionic size and, especially, the
ionic size asymmetry should be considered as very sensitive
parameters that, in combination with the concentration and
valence of the electrolyte and the colloidal surface charge
density, control the electrostatic-entropic interplay in the
primitive model EDL. In particular, given that for multiva-
lent salts the ionic hydration augments notably the finite size
and size asymmetry effects, this could represent a way to
attain a high electrostatic-entropic coupling at reasonable ex-
perimental conditions for which charge reversal could be de-
tected �61–65�.
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